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Introduction to mixed methods
Definition

Definition (mixed problem)

Consider a variational problem of the form: find u € V such that
B(u,v)=L(v) VveV

with B : V x V — R bilinear and continuous, and L : V — R continuous.
We say that this is a mixed problem if u = [u1, u2], V = V4 x V,, with
Vj # V5. The extension to n-unknowns is obvious.

V.

Another way to write a mixed problem is: find [u1, u2] € V4 x V5 such that
ai1(ur,v1) + ar2(u2, vi) = h(v1) Vv e Vp
a21(ur, v2) + axo(u2, v2) = h(v2) Ywo e Vo

When V; and V5 are spaces defined on geometrical domains of different
dimension (e.g., d and d — 1), the problem is called a hybrid problem.
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Introduction to mixed methods
Well-posedness

Suppose that a; : Vj x V; — R is bilinear and continuous and /; : V; = R
linear and continuous. Let u = [u1, up], V = V4 x V5 and

B([u1, ug], [v1, vo]) = a11(u1, vi) + a12(u2, vi1) + az1(ut, vo) + a22(u2, v2)
L([v1, v2]) = h(v1) + (v2)

inf-sup Condition (elaborated later)

The problem is well-posed if, and only if,
YueV 3dveV|B(uv)>Kglulv|vv,

for a constant Kg > 0. We will refer to this condition as the inf-sup
condition.
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Introduction to mixed methods

Well-posedness for a system of equations

Let Kj; be the coercivity constant of a; and /V;; the continuity constant

of ajj, i.e.,
aii(ui, ui) = Killuilly,  ai(uj, vi) < Nillujllvllvillv,

with the norms || - ||\, || - [ v, endowing Vi, V> of a Banach space structure.

The inf-sup condition holds if

Kii N2
det = K11Koo — NioNpy >0
[NZI Kzz} 11K 12N\b1
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Introduction to mixed methods
Proof of the well-posedness for systems

Given u = [u1, up] € V, let us pick v = [ug, yuz], with v > 0. Then:

B(u,v) = a11(u1, u1) + ai2(uz, ur) + a1 (u1, yuz) + axa(u2, yus)

> Kullunl|3, — Nazllunllv luzllve — YNal|usl|vy lluzllv, + vKz2l u2]l3,

15 1
> Kul|un]|y, — Naz <21Ul%/1 + ;1U2%/2>

j’z 1
kel — Nar (G2 lenl, + 55l

B3 1 5
= | K11 — Nio— — Npy —
< 11 12 5 21232> HUlH\/l

Ba » 1 5
+ ( YKoz — Nog ——=~% — Nyp=—
</ 22 21 5 122‘/))1> HU2H\/2
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Introduction to mixed methods

Proof of the well-posedness for systems (cont)

B will be coercive if we can choose (31, 82, such that

31 N21 ) 2K11(,11 h—1 2K11(12
Kiit—Np— — —>0= 01 < ————, 5] < — 1
H 12 2 232 . N12 2 N21 ( )
with a3 + ap =1 (a1, a2 > 0) and
N2, 35 N?
y>AP+B, A=-22= =—12 2
' B 4K11K22(12' 4K11K22(11 ( )

This is possible to fulfil if
1
AB < Z e N12N21 < 2K11K22\/(11(12

Since a1 + ap = 1, the maximum of \/ajas is % and thus B1, B2 and ~ satisfying
(1) and (2) exist.
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Introduction to mixed methods
Saddle point problems

Very often ax, = 0 and /L = 0, i.e., the mixed problem is of the form:

ar(v1, vi) + aa(u2, v1) = h(v1) Vvie Vs
321(”17 V2) =0 Vv, € Vp

therefore, the simple sufficient condition presented above is not applicable.
When aj; is symmetric and a12(va, vi) = a21(v1, v2), it is easily checked
that the previous problem is equivalent to

1
u; = arginf {2311(v1, vi) — /1(v1)} such that ax1(u1, v2) =0 Vwva € Vo

i.e., it is a saddle point problem.
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Introduction to mixed methods

Finite element approximation

Let Vip C Vi, Vo C Vo be FE spaces constructed from a partition {K'}
of the computational domain Q. We will see that, in general, the
construction of V4 , and V5 needs to be different. We consider the
(Lagrangian) approximations:

n;
Vi(x) mvia(x) = D NFG)VF, i=1,2, vip€ Vi
a=1

For the moment, we may think of v; as scalar functions. Then

nj n; nj n;
a, a b, b b a by ,,a
3U(“j7Vi):3ij<§ NjujaE N; Vi> = E E Vi afj(Nj’Ni)uj

a=1 b=1 a=1 b=1
—_ T A...h.
=v; Aju;

iT = [u1 u.2, RN ulf” , Ag_a = a;j(Nj’, N,-b), A,'J' € Mat(n;, nj).

where u FU;
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Introduction to mixed methods
Matrix structure

We may write

Introducing
T = U(NF)s - (N

we may write the final algebraic system as
v’ ]|:A11 AlZ] |:U1] v v ]|:f1:|
121 Ay Ayl |us 1520,
or, since it must hold Vv; € R™ v, € R™:
[An A12] |:U1] _ |:f1:|
Ax; Axn| [u2 f

In saddle point problems As, = 0.
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Introduction to mixed methods

Darcy's problem in primal form: Poisson’s problem

Consider the following Poisson's problem: find u: Q — R such that

—kAu+ou=f in

Let Vs = {v e HY(Q) | v=0on I',}. The weak form of the problem is:
find uv: Q — R such that u — 7 € Vs and

B(u,v) =L(v) VYveVs

B(u,v) —H/VU Vv—i—/auv
/fv+/
r
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Introduction to mixed methods

Darcy's problem in primal form: weak form

We can also consider the mixed form of Poisson's problem, called Darcy’s
problem. It consists of finding u: Q — R and g : Q — R? such that

klg+Vu=0 inQ
V-g+ou=7f inQ
u=1a onl,
—-n-q=g onlyg

Observe that ¢ = —xVu. For the primal formulation let V; as for the
irreducible form and Rs = [L2(2)]9. Using the fact that

/vv.q:/Vv-q+/ vn'qz/VV'Q+/ v(—-g)
Q Q 0N Q r

g

we may consider the following problem: find [u, g] € V5 X Rs such that
kg, r)+ (Vu,r)=0 Vre R
—(Vv,q)+0(v, U) = <V’ f>+<vag>rg Vv € Vs

R. Codina (UPC) Mixed Stabilised FEMs 13 / 100



Introduction to mixed methods

Darcy's problem in primal form: abstract formulation

Defining:

a:Rsx R =R, q,r—a(q,r)=r"(q,r)
b:Vsx Rs =R, u,r— blu,r)=(Vu,r)
c:Vex Ve—=R, viur c(v,u)=0(v,u)

[+ Vs =R, visI(v)=(v,f)+(v,g)r,

we may write the weak form as:

a(q,r)+ b(u,r)y=0 VreRs
—b(v,q) + c(u,v) =I(v) Vve Vs

Let U = [q, u], V = [r, v] (note space for u) and

B(U,V)=a(q,r)+ b(u,r) — b(v,q) + c(u,v)
L(V)=1I(v)
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Introduction to mixed methods

Darcy's problem in primal form: well posedness

Note that
B(U,U) = a(q, q) + c(u, u) = 57|q|]* + o ul>

B is not coercive, since control on Vu is missing. However, the problem
is well-posed, as there holds:

YU € Rs x Vs 3V € Ry x Vs such that B(U, V) = ||U|lgoxvil| VIR x v

Even if this holds at the continuous level, it does not necessarily hold at
the discrete level. The matrix structure of this discrete problem is:

A Bj||ql |0
—-BT C| |u|  |f
Note that, if c =0, C = 0.
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Introduction to mixed methods

Darcy's problem in dual form: weak form

For the dual formulation let V,; = [?(Q) and Rs = H(div, ). Since

/r-Vu_—/V~ru+/ n-ru——/V-ru—i—/ n-ri
Q Q o Q u

we may consider the following problem: find [u, g] € Vs x Rs such that

K7Hq,r) = (0, V- r)=—(n-r, ), VreR
(v,V-q)+o(v,u)=(v,f) VveV

@ The structure of the problem is the same as for the primal
formulation, with a a different functional setting.

@ The inf-sup condition holds.

@ Discrete inf-sup stable finite element spaces for the primal and the
dual formulation are different.
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Introduction to mixed methods
Stokes problem

It consists of finding v: Q — RY, p: Q — R such that
—vAu+Vp=1f inQ
V-u=0 inQ
u=0 onJdQ (for simplicity)

Let V = H}(Q)9, Q = L%(Q)/R. The weak form is: find u € V, p € Q s.t.
v(Vu,Vv)—(p,V-v)=(f,v) YveV
(¢, V-u)=0 VYqgeQ

The matrix structure of the FE approximation to this problem is

A B |u] |[f
—-B”T o |p| |0
V and Q satisfy the inf-sup condition. However, when FE spaces V;, C V

and Qn C Q are considered, this condition is not obvious to be satisfied.
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Introduction to mixed methods

Maxwell's problem: problem statement

It consists of finding u: Q — RY such that V- u =0 and
VxVxu=f inQ (withV.f=0)
nxu=0 ondQ (forsimplicity)

The curl-curl operator is not injective (V x V¢ = 0 for any ¢, for example),
and one can make the problem well-posed in several ways. One is Kikuchi's
formulation, which consists of finding u: Q — R? and p: Q — R s.t.:

VxVxu+Vp=fFf inQ

V-u=0 inQ
nxu=0 ondQ
p=0 on0Q
The continuous solution is p = 0, since p solves the problem:
Ap=0 inQ
p=0 on 0Q
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Introduction to mixed methods

Maxwell's problem: functional setting and FE approximation

Let us introduce the space:

V' = Hp(curl; Q)
={v:Q=RYve 2V xve Q)9 nxv=0ondQ}

If @ = H3(R), the weak form of the problem is: find u € V and p € Q s.t.

(VxuVxv)+(v,Vp)=(v,f) YveV
—(u,Vq):O Vg € Q

The matrix structure of the FE approximation is:
A G| |u] |[f
-G" o||p| |0

It is a saddle point problem.
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Introduction to mixed methods

Elasticity: problem statement

The equations modeling a linear elastic body are the following:
—V.o=f inQ (Cauchy's equation)
Cl:0-e=0 inQ (Constitutive equation)
1
e—V°u=0 inQ (Geometrical equation, V°u = E(VUT + Vu))
u=0 ondQ (for simplicity)

Where:

o 0:Q — RY®R: Cauchy stress tensor.

o £:Q — RY®RY: Strain tensor (infinitesimal strain).

o u:Q — R Displacement field.
o CcRI®RY@RY®@RY: Constitutive tensor.
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Introduction to mixed methods

Elasticity: incompressible materials

There holds:
Ciiki = G = Cijik = Cuiij
e:C:e=¢;Cjuen 2 EHEH

This makes the problem elliptic.
If the material is incompressible, it is convenient to decompose:

1
o=-pl+o, p= —gtr(a), tr(c’) =0

o’ is deviatoric and p/ is volumetric. In this case, the equations are:

-V.-o'+Vp=f
Cdei o' —e'=0
g’ —dev(V*u) =0

V.-u=0
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Introduction to mixed methods

Elasticity: weak form and FE approximation

Considering all possible variables, the weak form would is: find
o€ Vye€ V,pe Vp,and u eV, such that

(Vev,d') = (p,V-v) = (f,v) VveYV,
(1,0') = (1,Cyev :€') =0 VT E W
(m.e) =, Vou)=0 ¥neV,
(q,V-u)=0 VgeV, (incompressible case)

with V,, = [H}(Q)]9, Vi, = [L2(Q)]9%9, V. = [L2(Q)]9*9, V,, = L%(Q)/R.
The matrix structure of the FE approximation is:

~M, M 0 O
M 0 -G, O
0 -G/ o0 G
0 0 G' o

S =90
o -0 o
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Introduction to mixed methods

Elasticity: o-u formulation

A particular case of interest is the o-u formulation, which reads:
—V.o=f
Clio—Vu=0
The mathematical structure is very similar to that of Darcy's problem. It

also admits a primal and a dual formulation. For the dual formulation,
the weak form is

—(V-o,v) = (f,v) VYveV,=[3Q)]?
(r,Cr0)+(V-1,u) =0 V7€V, =[H(div,Q)]¢ (zero BCs)

The matrix structure of the FE approximation is:
M. —Gg| (o] |0
-G/ 0 | |u] " |f

inf-sup stable elements for this problem are quite involved.
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Introduction to mixed methods

Reissner-Mindlin plates: problem statement

The bending of a plate using Reissner-Mindlin theory yields the following
BVP: find 6 : Q — R? and w : Q — R (rotations and deflection) s.t.:

1
—ki1 A0 — ko V(V - 0) — E(VW —0)=m inQ

—éV-(VW—O):q in Q

w=0 on0Q
=0 onodQ
where
Et Et3
= k= s
24(1+v) 24(1 — v?)
2(1
€= M, E,v : elastic parameters
Ext
t : plate thickness, % : shear correction factor
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Introduction to mixed methods

Reissner-Mindlin plates: weak form

The weak form is: find § € V2 = H}(Q)?,w € Vi, = H}(Q) s.t.

K1(V0, Vi) + ko(V - 0,V - 1) + é(w 0, Vv — ) = (6, m) + (v, q)
Vip € VZ, Vv € V,,.
@ Since Vy = V,,, in principle the problem is not a mixed problem.
e It turns out that k; = O(t3), i = 1,2, and ¢! = O(t).
@ In the limit t — 0, the solution should be 8 = Vw, and therefore
Vi = H(Q) N H2(Q).
@ Since the functional framework changes when t — 0, this is an
example of singularly perturbed problem.

@ When FE spaces are used, it is convenient to consider Vj 5 C Vp,
Viw.n C Vi, with Vi # V,, p to allow for the limit t — 0, i.e., the
problem needs to be treated as a mixed problem.
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Introduction to mixed methods

Reissner-Mindlin plates: FE approximation

The matrix form of the FEA is:

[le1+k2K2+;M —gc] [9] B [m]
_1gT 1 -
€ €
If matrix
1M -G
e |-GT L
is not singular and the FE spaces are not such that VV,, , C Vj 4, the

solution suffers from shear locking when t — 0, i.e., § - 0andw — 0
as t — 0.
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General theory

Outline

© Finite element approximation of mixed problems: general theory
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General theory
Main result

The problem we consider is: find U € Xy such that
B(U,V)=L(V) VVeXy

where UT = [u1,...,up], VT =[v1,...,v,], and B and L are continuous,
but B is not necessarlly coercive.

Theorem (Babuska-Lax-Milgram)

The problem is well posed if, and only ff,
UeXu\{O} vexy\{o} | U||XU|| VHXV

B(U, V
0 s BUVI o wvexo\ (0}
vexy IVIIxy

If these two conditions hold, the unique solution can be bounded as
Ny

U i
1Ullx, < 2
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Proof of Babuska-Lax-Milgram’'s Theorem

There holds

|B(U, V)| |B(U, V)|
A YIS K >0 YU € X, sup —2 2
TUllIV]] v VI

& VYU € Xy 3V € Xy such that B(U V) > KBHUHXUHVHXV

|nfsup > Kel|U]|

If this and the non-degeneracy condition hold, the closed range theorem implies
that the problem is well posed. The stability bound for the solution is trivial:

Ke| U] VIl < B(U, V) = L(V) < Ni[| V|

Remark In the finite dimensional case, the inf-sup condition is

t

mln max >Kg >0
v UV —

It is seen that kg is an estimate for the minimum generalised eigenvalue of
B. Thus, the inf-sup condition is nothing but the invertibility of B.
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General theory
Generalised Céa's Lemma

Suppose that Xy = Xy = X is Hilbert and separable:
X = span{¢n}2o:1

and consider Xy = span{¢p}n=1.. N<oo. We may then analyse the finite
dimensional problem: find Uy € Xy such that

B(UN, VN) = L(VN) YVn € Xy

Theorem (Generalised Céa's Lemma)

If the inf-sup condition
YUy € Xy 3V € Xy | B(Un, V) > Kg||Un|l|| V||

holds, then the finite dimensional problem has a unique solution that
satisfies:

Ng i
= < (14— f — W,
U= Ul < (1432 ) 11U~ Wa
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General theory
Proof of the Generalised Céa's Lemma

Well posedness is trivial. Observe also that VVy € Xy:

N
Kel|Unll[| V|l < B(Un, Vi) = L(V) < Ni|[ V|| = [[Un] < *;

We also have that:
B(U V/\/):[_(V/\/) VVn € Xy
B(UN V[\/) = L(V/\/) YV € Xy

= B(U — Un, Vn) =0 VVy € Xy (consistency). Then YWy € Xy IV € Xy
such that:

Kgl|Uy — Wall||Vall < B(Uy — W, Vi) + B(U — Uy, Vi)

= B(U — Wy, Vi) < Ngl[U — Wa[l[|Vall
= || Uy — Wy < %{gHU — Wh|. Using the triangle inequality:
U= Unll < |lU— Wl + [[Wn — Unl|

Ng
(1+> U= W
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General theory
Application to saddle point problems

The two previous results are general for any BVP. Consider now:
a(u,v) + b(p, v) = Iu(v)
—b(q,u) + c(p,q) = Ip(q)

with U = [u, p], V =[v,q], X = V x Q, all forms continuous, and a and ¢
symmetric. This problem is equivalent to (problem SP):

B([u, pl, [v;q]) = a(u, v) + b(p, v) — b(q, u) + c(p, q)
= L([v,q]) = lu(v) + Ir(q)

Theorem (Saddle point problem structure)
Suppose that a(v,v) >0 Vv € V\ {0} and c(p,p) > 0. Then:

[u, p] = arg inf sup L(v, q)
Vevqu

where L(v,q) = 3a(v,v) + b(q, v) — 3¢(a, ) — lu(v) — In(q).
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General theory
Proof of the saddle point problem structure

Let f(e1,€2)

so that if [u, p

det [

=2\12=2a(v,v) —c(q,q) £
A1 > a(v,v) >0and A\ < —

structure. £(v,0) =
v) > 0.

since a(v,

R. Codina (UPC)

=L(u+e1v,p+ €q).

Of

o = a(u, v) + b(p, v) — I,(v) = 0

()(1 e1=€x=0

of

. = b(q,u) — c(p.q) — Ip(q) =0

()62 €1=€2=0
| solves SP it is a critical point of £. On the other hand:
i;ef —A ()(1<)(2 o det V V) A b(q V) 0

()2f 92f .,V) *C(q, q) by
ey 0en ()(
V(a(v,v) + c(q,))? + 4b(q, v)2.
q) <0, which indicates a saddle point

1

c(q,
! I

4(v) clearly has a minimum as a critical point,

a(v,v) -
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General theory

Ladyzhenskaya-Babuska-Brezzi's Theorem

Theorem (Ladyzhenskaya-Babuska-Brezzi)

For a saddle point problem, suppose that:
H1. a and b are continuous, a is non-negative (a(v,v) > 0,Vv € V).

H2. a(u,v) is coercive in K ={v € V| b(q,v) =0 Vq € Q}. ie.,, 3K, > 0 such
that a(u, u) > Ky||ul|® Vu € K.

H3. “Little” inf-sup condition: Vp € Q 3v € V' | b(p,v) > Kbl p|l||v].

H4. c(.,) is continuous and coercive in || - || 5, possibly weaker than | - ||q:
N, > 0, K. = yN;, v > 0 such that

c(p,q) < Nellpllgllalle Vg€ Q
c(p,p) > Kellply Vpe @

Then, B([u, p], [v, q]) satisfies the inf-sup condition in the norm

v, dlllvxe = VKsllvilv + v/ Mabllqllq@ for a certain constant M,, > 0.

v
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General theory
Proof of LBB's Theorem: setting

BT (operator, not bilinear form)

4 — Q'
KJ_
a(v,v) >0
K
a(v,v) 2 KallvIZ [ v b(-,v)
o\ /
\_/

K =ker BT
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General theory

Proof of LBB's Theorem (I)

B(-,-) is trivially continuous. Let BT be the operator b(-,v) and K = Ker BT.
Let V = K @ K+, with L with respect to the inner product that restricted to K
coincides with a(-,-). Then, if v = vy +v1, vo € K, vy € K*:

a(v,v) = a(vo, vo) + a(vy, v1)
There holds:
B([u, pl, [uo, 0]) = a(u, uo) = a(uo, uo) > Kal|uo|)? 3)
The closed range theorem implies:
Vv e K- 3ge Qst Kulgllollvlv < b(g,v)

(In the finite dimensional case, this is equivalent to saying that the rank of a
matrix is equal to the rank of the transpose and the generalised eigenvalues are
the same).

R. Codina (UPC) Mixed Stabilised FEMs 36 / 100



General theory

Proof of LBB's Theorem (II)

Thus, for v =u; € K~ 3 g1 € Q such that Kp||q1]|||u1]lv < b(g1, u1). We may
take [l = 3
ake [|lqillo = %2

B([u, p), [0, q1]) = —b(q1, u) + c(p, q1)

> Ksllqullllus]l = Nellpllgllarllo
1 ! N.K
2 2 2 cl\a
>Kam|<P@+QUM>,Q
K, N2K, Kp .
> 7\@1“2 e *llpl% for a= ﬁ” ifN.£0  (4)

Cc

Given p € Q, there exists v, € V such that Kollpllllvpll < b(p, vp). Let us take
lvoll = %zt llpll - We have that

B([u, p1, [vp 0]) = a(u, vp) + b(p, vi) = Kllpl 1 voll — Nllul[[vp]
N,o

N,
> Kollplllvell = 521l = =221
K.K? K N,
> T IeIP = Sl or o= 2 (5)
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General theory

Proof of LBB's Theorem (lII)

Finally:
B([u. pl, [u. pl) = a(u, u) + c(p. p) = Kelpli3 (6)

The element we were looking for is:
[v,q] = [uo + vp + Bu,2q1 + 5p]
Summing (3)-(6):

K, K2 , N2K,
B oL [v.al) > Kol + o2 Iolf + (e - -

)lo

2/\
Q
For /3 large enough, it follows that

B([u, p]. [v, q]) 2 [l[u: pllIY o

It is readily checked that ||[v, q]llvxo < ||[u, p]llvx @ from where the theorem
follows.
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General theory
FE approximation of saddle point problems

Let us consider the FEA: find u, € V), C V and p, € Q) C Q s.t.
a(up, vi) + b(pn, vi) = lu(vh) Yvy € Vj,
—b(qn, un) + c(pn, gn) = Ib(qn) Yaqn € Qn
The assumptions of the LBB theorem need to apply. In particular:

inf  sup _bpn,vh)

8>0
PEQn vV, |1Pall@llvallv

This condition is not inherited for the discrete problem. Obviously:

Vpp € Qn Iv € V st b(pn,v) > Bllpnllollv]y but maybe v & V;,

In some cases, the discrete inf-sup condition is difficult or inconvenient to
satisfy. For example, it prevents from using equal interpolation for up, pp.
A possibility to avoid this is to use stabilised finite element methods.
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General theory
Optimisation problem

The matrix structure of the problem is

A Bj |u] |[f,
BT C||p|  |fp
If C=0and f, =0, p can be understood as a Lagrange multiplier to

impose the condition B"u = 0. Indeed, the problem corresponds to the
minimization of the functional

1
J(u) = EUTAu —u'f,
under the restriction B"u = 0, which is equivalent to optimise the
Lagrangian

1
L(u,p) = EuTAu —u'f,+p'B'u

The Euler-Lagrange equations of this functional are precisely the equations

to be solved.
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Stabilised finite element methods

Outline

© Stabilised finite element methods
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Stabilised finite element methods
Problem to be solved

Let us consider a quite general second order BVP of the form:
Lu=Ff , u:Q—R"
where the operator L is defined as:
Lu = —0;(KjjOju) + Ac,iOju + Af jOju + Su
where Af i, Aci, S, Kij € Mat(n, n). As BCs, we consider:
Du=0 ondR

where D : R" — R™, m < n, depends on which components of u can be
prescribed. Matrices {Kj;};j—1,4 are assumed to define a positive
semi-definite quadratic form. The convection matrices A; = A ; + Ay ,; are
split into those that will not be integrated by parts (Ac ;) and those that
will (Af,;). The reaction matrix S is assumed to be positive semi-definite.
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Stabilised finite element methods

Adjoint operators

In any region w C £, let us introduce:
B.(u,v) = (0iv, KijOju)u, + (v, Ac,iOiu)., — (8,-(Af—7,-v), u)w + (v, Su)y

Defining the operators:
o Adjoint operator: L*v = —0;(K(0;v) — 0;(AL ;v) — 9i(Af ;v) + Stv
o Flux operator: Fpu = n;KjjOju — n;As ju
e Adjoint flux: Fjv = n;K,-;ij + n,-Af:,l-v

there holds:

B,(u,v) = (Lu,v)y + (Fau,Dv)s,
=(u, L) + (Du, Frv)ow
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Stabilised finite element methods

Sources of numerical instability

Calling L(v) = (v, f), Ba(u,v) = B(u, v), the problem we consider is: find
u € X such that:

B(u,v) =L(v) VYveX
where u=[uy,...,u,] € X = X; x -+ x X,,. The FEA to this problem
may suffer from two fundamental sources of instability:

@ Lack of compatibility between Xj 1,..., Xp n; i.e., failure to satisfy the
appropriate inf-sup conditions. This is the classical situation in mixed
methods.

@ Singular perturbation problems, i.e., £ depends on parameters that, in
the limit, change the functional framework of the problem. Thus,

u € X, but in the limit u € X # X. This is the situation in
convection-diffusion problems or in plates with thickness t — 0.
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Stabilised finite element methods

Stabilised FE methods

Consider the Galerkin FEA: find u, € X, C X s.t.
B(Uh, Vh) = L(Vh) Vv, € Xp

Stabilised FEMs consist in replacing this problem by: find u, € X}, such
that:

Bhu(un, vh) = B(up, vi) + Bs(un, va)
= Lh(Vh) =: L(Vh) + Ls(Vh) Vv, € Vp

where Bs(up, vi) and Ls(vy) are usually mesh dependent. The discrete
problem has to satisfy two main conditions:
@ It should be consistent or, at least, weakly consistent:

|Bn(u, viy) — Lp(vn)| < Ch", r large enough
@ It should satisfy an inf-sup condition in a mesh dependent norm:
Vup € Xp vy € Xp | Bu(un, vi) > K, |l unlln,x||vallnx
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Stabilised finite element methods

Variational multiscale (VMS) approach

There are several methods to design stabilised FEMs. Here we shall follow
the VMS approach. The basic idea is to split:

X =X,® X', X to be determined

u=up—+ u
The original continuous problem is equivalent to:

B(uh, Vh) + B(u’, Vh) = L(Vh) Yvp € Xp
B(up, V') + B/, V)= L(V) W eX

u' is called sub-grid scale (SGS).
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Stabilised finite element methods

Basic identities

Thinking that the approximation to v’ may be discontinuous, and that we
will approximate v/, but not its derivatives, we may write:

uvh gBKuvh

= Z u ,ﬁ Vh)K + (DU/,]::V;,)(?K]
K

B(up, V') + B(d', V) Z[BK up, V') + By (U, V)]
_Z[ £uh, K"‘(]: uh,Dv )3K+(U L* ,)K“‘(]: u' DV )6K]

—Z[Euh, )k + (L' VK] = Z(v’,f)

K

assuming that F,up + Fpu' is continuous and so is DV'.
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Stabilised finite element methods

Split continuous problem

The original problem can be written as:

Continuous problem for the FEM solution and the SGS

B(up, vi) + Z (¢, L*vh)k + (DU, Frivi)ok| = L(va)
K

Z(ﬁu’ + Lup, Vg = Z(V,7 )k

K K

v

Calling Ruyp = f — Luy, the finite element residual in each K, the equation
for the SGS is:

D (Ll V) =Y (V' Rup)k

K K
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Stabilised finite element methods

Approximation of the SGSs on the element edges

We have assumed that F,up, + Fpu' is continuous, but ¢’ on the element
edge must be such that this is possible. Several heuristic arguments lead to
the approximation:

Du'|e = te[Fauple 7€ € Mat(n,n)

where [Fpup]e = Fn,unle + Fnyun|e being ni = —ny. This leads to:

> (DU, Fyvh)ox = Y (DU, [Fivil)e

K

E
= (el Faunl, [F5val)e
E

The jump of the flux on the edges of 0 is just this flux. If there are
Neumann-type BC's on part of 9, of the form F,u = g, the jump of the
edges on this boundary has to be replaced by F,u, — g.
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Stabilised finite element methods

Approximation of the SGSs on the element edges: notation
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Stabilised finite element methods

Approximation of the SGSs in the element interiors

Several heuristic arguments (bubbles, Green's function approximation,
approximate Fourier analysis) lead to the following fundamental

approximation:
-1
Z(L’u', vk & Z(TK UV )k
K K
where 7 € Mat(n, n) is the so-called matrix of stabilisation parameters.

Therefore, the equation for the SGSs in the element interiors is:
Z(T,;lu', V) = Z(v', f— Lup)k
K K

If P’ is the L2 projection onto the space V’, we have that:
U/’K = TKP/(f — Euh)]K

If V' is taken as the space of FE residuals, then P’ = . This is the most
common approach in the literature. P’ can also be the projection onto a
bubble space. If V/ = VhL, then P/ = PhL = | — Py, leading to the
Orthogonal Sub-Grid Scale (OSGS) formulation.
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Stabilised finite element methods

Final stabilised FE problem

Stabilised FE problem
Find up € V} such that:

B(uh, Vh) + E(TKP/(f — Euh), ['*Vh)K
K

+ > (el Faunl, [F;val)e = L(v) Yvh € Vi
E

In terms of the general structure of stabilised FEMs:

Bs(un, vi) = D (kP (—Lup), L*vh)k + > _(telFaunl, [FvaDe
K E

Ls(vn) = > (rkP'(=F), L*vi)k

K

R. Codina (UPC) Mixed Stabilised FEMs 52 / 100



A single FEA for three problems
Outline

@ Stokes, Maxwell and Darcy: A single finite element approximation for
three model problems

@ Inf-sup stable or stabilised?
@ Stokes-Darcy's problem

@ Maxwell's problem

@ Numerical testing

@ Conclusions
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A single FEA for three problems Inf-sup stable or stabilised?

Model problems

Let Q C RY, d = 2,3. The problems we are interested in consist in finding
u:Q— RYand p: Q — R such that

Stokes:
—vAu+Vp=f,
V.-u=0.
Maxwell:
AV XV xu+Vp=F,
V-u=0.
Darcy:
ou+Vp="f,
V-u=0.
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A single FEA for three problems Inf-sup stable or stabilised?

Inf-sup stable pairs

If the Galerkin method is used, inf-sup stable pairs V}, x @ are required.
If one can construct finite element spaces such that the following diagram

commutes
R — HYQ) —Y— H(curl) —2 H(div) ——— [2(Q) =0

|7 |7 |7 |7

v AV V-
R — Qh71 — Vh,Maxwell — Vh,Darcy E— Qh,2 —0

for appropriate projections Py, stability is ensured.
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A single FEA for three problems Inf-sup stable or stabilised?

Example of stable spaces

Stokes Maxwell Darcy

Inf-sup stable

Stabilized
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A single FEA for three problems Inf-sup stable or stabilised?

Combined problems

Problem: What if we combine problems?

—vAu+ ) \V xV xu+ou+Vp=F,
V-u=0.

Stabilised formulations: any conforming u-p interpolation is allowed! No
stability problems will be found in the limits:

v—0, o06—0, A—0
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A single FEA for three problems Inf-sup stable or stabilised?

Objectives

@ To develop a functional framework for the Stokes-Darcy problem “well
behaved” when v — 0 (zero viscosity) and when o — 0 (infinite
permeability), with p € L2(Q).

@ To select an appropriate functional framework for the Maxwell
problem, with p € H}(Q).

@ To propose finite element methods with

e Optimal stability

e Optimal convergence
for arbitrary conforming approximations of u and p, without the
difficulty inherent to inf-sup stable elements for the Stokes, the
Maxwell and the Darcy problems.
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A single FEA for three problems Inf-sup stable or stabilised?

Key ingredients

The design of the method is based on:

@ A two scale decomposition of u and p, within the variational
multiscale framework (VMS).

@ A proper scaling of the problem, which requires the introduction of a
length scale.

@ A closed form expression for the subscales based on an approximate
Fourier analysis of the problem.

These ingredients will not be elaborated here. The methods proposed will
be stated without (heuristic) derivation.
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A single FEA for three problems = Stokes-Darcy’s problem

Stokes-Darcy's BVP

Let Q C RY, d = 2,3, where we consider the Stokes-Darcy (or Brinkman)
problem, which consists in finding a velocity u : Q@ — RY and a pressure

p: 2 — R such that

—vAu+ou+Vp=f,
V'U:g,

For simplicity, as boundary conditions we will consider u = 0 if v > 0 and
n-u=0ifvr=0.
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A single FEA for three problems = Stokes-Darcy’s problem

Variational form

The variational formulation of the problem consists in finding a
velocity-pressure pair [u, p] such that

B([u, p], [v, q]) = L([v, q]),

for all test functions [v, q], where the bilinear form B and the linear form L

are defined by

B([u, pl,[v.q]) = v(Vu,Vv) +o(u,v)—(p,V-v)+(q,V - u),
L([v,q]) = (f,v) + (g, 9).
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A single FEA for three problems = Stokes-Darcy’s problem

Functional setting |

Let us introduce the operator
Lu:=—vAu+ou,
and the associated graph norm
lulZ == v|[Vu|? + of|ul>.

Let V. be obtained as the closure of C5°(2)9 with respect to this norm.
Its dual space V. is endowed with the norm

lull = sup S2Y0.
vev, HVHC

Obviously, V= H}(Q)9, V. = H"}(Q)? if v > 0 and V = V} = [2(Q)
if v=0.
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A single FEA for three problems = Stokes-Darcy’s problem

Functional setting Il

A key ingredient is the introduction of a characteristic length scale Lo,
which plays a key role in the Darcy problem. The reason is the need to
control both u and V - u to obtain stability in H(div, Q2).

Let V be the closure of C5°(2)¢ with respect to the norm

Ivllz + olo||V - v|| and Q the closure of C>°(€2)/R with respect to
(v 4 ol3)Y2||q| + | Vqllz- The pair V x Q reduces to

H3 ()7 x L2(Q)/R when v > 0 and to Ho(div, Q) x H1(Q)/R when
v=0. On V x Q we define

Itv. qlll” := IvIZ + o L3IV - v]* + gl + IV allZ.

V-FO’L%

which is the finest norm in which the problem is well posed.
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A single FEA for three problems = Stokes-Darcy’s problem

Main result

Theorem (Stability of the continuous problem)

There exists a constant C such that for all [u,p] € V x Q there exists
[v,q] € Vi x L%(Q) for which

B([u, pl, [v, q]) = Cll[u, Pl [[[v, dlllv, x12(2),

@ The working norm is optimal. Observe that

1 1
v, qlli* = vIIVull® + =lpl* + = [ Vpl2s when o =0,
v v

1 1
v, all* = ollul® + o LIV - ull* + 5 lIpl* + ZIVI* when v =0.
0

@ Stability in ||-|| will be obtained provided the data are regular enough.

If the data are less regular, stability for [u, p] can be proved in norms
weaker than ||-||.
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A single FEA for three problems = Stokes-Darcy’s problem

Stabilised finite element methods

Let V;, and Q) be the finite element spaces to approximate the velocity and
the pressure, respectively. The two methods to be analyzed can be written
as follows: find [up, pp] € Vi, x Qp such that

Bs([un, pr), [Vh, an]) = Ls([vh, qn]),

for all [vy, gn] € Vi X Qp.
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A single FEA for three problems = Stokes-Darcy’s problem

Algebraic subgrid scale (ASGS) method

The forms Bs and L are given by:

Bs([un, pnl, [vh; an]) = B([un, pn]; [Vh; qn])

+Tp Z uha >K

+7y Z (—vAup + oup + Vpp, vAvy, —ovy + Van) i

+7f Z <[["Ph - Vi)n”h]]- [[”% + //(')nvh]]\/\’E’

Ls([vh, gnl) = L([vh, qn])
+TPZ (&, V- vp)y
K

+Tuz<f,VAVh—UVh+th>K
K
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A single FEA for three problems = Stokes-Darcy’s problem

Stabilisation parameters

We compute them as

—_ P__p2
Tp = C1V + czaép,
2\—1;2
Tu = (av + c&aly) " h7,

7 = (cv + cSol?2) th,

with c1, 5 and ¢ algorithmic constants.

The length scales £, and ¢,, which can be either taken as Lg, h or
(Loh)'/?, appear when introducing scaling coefficients y, and 1, such that
pu|F1? + pplg|? is dimensionally consistent.

Using the approximate Fourier analysis, the stabilisation parameters are
found, now depending on p, and fip. In turn, these scaling coefficients
depend on a length scale of the problem that may be taken as Ly or h.
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A single FEA for three problems = Stokes-Darcy’s problem

Orthogonal sub-grid scale stabilisation (OSGS) method

The bilinear form Bs and the linear form Lg in the OSGS method are given
by

Bs([un; pnl, [vh, an]) = B([un, pnl, [Vh, qn])

+sz< (V- up), J‘(V- vh)>K

> <PL(—yAuh + Vpp), PL(vAv, + th)>K
K

+7f Z ([npn — vOnup], [ ngn + vOnvh]) g,
E

LS([Vf‘H qh]) = L([V/H qh])‘

The stabilisation parameters are the same as for the ASGS method.
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A single FEA for three problems = Stokes-Darcy’s problem

Working norm and error function

Let us define the mesh dependent norm

1
Itve. anlll, = llvallz + o3IV - val|* + 7L2||qh||2

P ﬁ§jmwwK+ - @ijn%wg

We also define
E(h)? = (v + ol2)(h2c§(u) + £i(u)) + oej(u)

h2 h—2 2
oo (S (e) + <E(p))

It can be proved that these are the norm and error function of the
methods to be analyzed (gj(v) is the interpolation error of function v in
the norm of H'(Q)).
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A single FEA for three problems = Stokes-Darcy’s problem

Analysis |

Theorem (Stability)

Suppose that the constants ¢; and c§ are large enough. Then, there exists
a constant C such that

V[un, pn] 3[vh, qn] |
Bs([un, prl; [Vhs an]) = Cll[un, palllnlllva, gnllln,

Let us compare the working norms of the continuous and the discrete
problems, for simplicity in the case of continuous pressure interpolations:

1 2 2
+ vq ’

2 2 2 2
- L .
v allP = V2 + o137 v+

2

2 2 2 2 1 2 h 5
- AV - = LU .
I, @l = vl + oV -l + 2l + il
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A single FEA for three problems = Stokes-Darcy’s problem

Analysis I

Theorem (Convergence)

Let [u, p] be the solution of the continuous problem and [up, pp| the
solution of the discrete one. Suppose that ¢, > ¢, and the assumptions of
the previous theorem hold. Then

Il — un, p = pallln < E(h)
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A single FEA for three problems = Stokes-Darcy’s problem

Accuracy of the stabilised formulations for Darcy's problem

Method A B C
lp Ly = h,h Lo/2n1/2 [o1/2h1/2 Lo, Lo
HeUH hk+1 4 hl hk+1/2 4 hl+1/2 hk 4 hl+1
Original Suboptimal Quasi-optimal Suboptimal
HeUH hk+1 + hl hk+1 + hl+1 hk + hl+1
Via duality Suboptimal Optimal Suboptimal
HePH hk+1 4 hl hk+1/2 + h/+1/2 hk + hl+1
Original Suboptimal Quasi-optimal Suboptimal
HePH hk+2 + hl+1 hk+1 + h/+1 hk + hl+1
Via duality Optimal Optimal Suboptimal
||V . eu” hk + hlfl hk + h/ hk + hl+1
Suboptimal Optimal Optimal
Ilvep” hk+1 + hl hk + h/ hkfl + hl
Optimal Optimal Suboptimal
k, | Optimal k+1=1 k=1 k=1+1

k, I: Velocity and pressure interpolation order.
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A single FEA for three problems Maxwell’s problem

Maxwell's BVP

Original problem: minimise the functional

S(V):/Q<;\|VX v|2—2v~f>,

with the constraint V-v =0and n x v =0 on 99, with V- f = 0.
Augmented BVP: find [u, p] such that (sign of p changed)

AV x (Vxu)—Vp=Ff, inQ,

V-u=0, in§Q,
nxu=0, onJf,
p=0, on0Q.
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A single FEA for three problems Maxwell’s problem

curl and curl-div formulations

curl formulation: find u € Ho(curl) and p € H}(Q2) such that

v), Vv € Ho(curl),

(AV x u,V xv)—(Vp,v) = (f,
0, Vg € H3(Q).

(Vq, u)

curl-div formulation I: find u € Ho(curl) N H(div) and p € L?(Q)/R such
that

f,v), Vv € Ho(curl) N H(div),

AV xu,Vxv)+(p,V-v)=(
0, Vg e [2(Q).

—(q,V - u)

In any case, p = 0.
curl-div formulation I1:

AV xu,Vxv)+(AV-u,V-v)=(f,v), Vve Hy(curl)n H(div).

R. Codina (UPC) Mixed Stabilised FEMs 74 / 100



A single FEA for three problems Maxwell’s problem

Notation

Consider:

a(u,v) = (A\V xu,V xu), b(v,p)=—(Vp,v),
B(u,p;v,q) = a(u,v) + b(v, p) — b(u, q).

Let V = Ho(curl) and Q = H}(Q)/R, with norms:
_ 1
Ivilv = vl = 7 llvI+ V< vl)
1
lalle = llallmge) = 7 llall + Vall

where Lo = Lo(2) is a length scale. The norm associated to the product
space V' x @ is denoted by

1 _1
v, glll = Az[vilv + LoA™>lqlle-
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A single FEA for three problems Maxwell’s problem

Stability

The following inf-sup condition is satisfied,

" B(u,p;v,q)

sup 0 > 3> 0.
(wpleVxQ [v.qrevxq 1u: PV, all

@ This guarantees well-posedness of the continuous problem.

@ The solution satisfies V - u = 0, but there is no control on ||V - ul|.
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A single FEA for three problems Maxwell’s problem

Galerkin approximation: curl-div formulation

Nodal finite element spaces:

Ni(Q) = {vi € C°(Q) such that vy|x € Pi(K) YK € Ty} .
Discrete curl-div formulation: find u, € X, such that

(AV x up, V x vp) + (AV - up, V- vy) = (F,vy), Vvy € Xp,

where X}, is a H'-conforming finite element space.
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A single FEA for three problems Maxwell’s problem

The corner paradox

If Q is not convex, V N HY(Q)? is a closed proper subspace of V N H(div).

If Q is not convex

/!li—r>n0 HU - uh”VﬂH(div) 7& 0,

in general.
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A single FEA for three problems Maxwell’s problem

Approximability problem?

Key fact:
If up € HY(Q)) = [[Vup| SV > upll + ||V - ] ()

Wrong conclusion:
H' conforming FE spaces cannot approximate V.

Correct conclusion:
If ||V - up|| is uniformly bounded, H! conforming FE spaces cannot

approximate V.

R. Codina (UPC) Mixed Stabilised FEMs 79 / 100



A single FEA for three problems Maxwell’s problem

Discrete problem: curl formulation

Mixed formulation:

a(up, vp) + b(vp, pn) = (f, va), Yvp € Vi,
—b(up, gn) =0, Van € Qp.

Inf-sup condition:

B .
inf Sup (uh7ph! Vh7 qh) Z Bd > O

[, PHE VX Qh [vy,qnl€ Vi x @y IUhs Poll VA, gl

Compatible pairs:
V), constructed using Nédélec's elements.
Q@ constructed using a nodal interpolation.
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A single FEA for three problems Maxwell’s problem

A novel augmented formulation

Equivalent problem:
AVXVxu—Vp=F,
Vo2 ap—o
Vou—"YAp=
b\ P )

in Q, satisfying n x u =0 and p = 0 on 909.
Weak form:

a(uv V) + b(V7 P) = (f7 V) )
—b(u, q) +sp(p,q) =0,

where

Lo?
sp(p. @) = —- QVP -Vq.
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A single FEA for three problems Maxwell’s problem

Stabilised finite element approximation

New formulation:

a(up, vi) + b(vp, pr) + su(up, viy) = (F, vp), Vv € Vp,
—b(un, qn) + sp(pr, gn) = 0, Van € Qn,

where the stabilisation term reads
h2
su(up, vp) = Z cu)\/ L—’;V “upV - vy
KeT K Lo

This formulation can also be obtained using the VMS framework with an
appropriate scaling of the equations for the subscales and a closed form
approximation based on a Fourier analysis.
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Stability |

Bilinear form:
Bs(un, pn; v, qn) = B(un, pr; Vh, Gn) + su(un, vi) + sp(pn, qn)
Mesh-dependent norm:

1
3
1 1 h? Lo
v, anlls = A2V < wall 433 [ 30 21w w2 |+ 22 wpl.
KeTh L A2

Lemma (Stability in the mesh dependent norm)

The bilinear form Bs : Vi, x Qn x Vi, X Qn — R is coercive with respect to
the mesh-dependent norm.
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Stability I

Lemma (Norm equivalence)
The solution [wp, ap] € V), X Qp of the discrete problem

Bs(wWh, ap; Vi, qn) = (F,vi) + (g, qn),  V(Vh, qn) € Vi X Qp,
for f € V' and g € Q', satisfies:

lIwn, anllln < lllwn, anlll S llwn, anlls + llelle-

Corollary (Natural stability)

The solution [up, pp] of the problem satisfies

llen, palll < 111
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Corollary (Natural continuity)

The stabilised bilinear form Bs : Vi, X Qp x Vi, x Qn — R is continuous
with respect to the norm ||| - ||.

Error function:

E, = inf |: - [N
n(u) L, llu = wh, p— rall
1 hK 2 %
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Convergence |l

Theorem (Convergence)

The solution [up, pp] of the discrete problem satisfies

llun — u, pp = plll S En(u).

Interpolation estimates:

inf, v — whll @) S v b w), 0<s<t<k+1,
rmf g = rllHsw) S 2l e () 0<s<t<I/+1,
hE

for any bounded set w C Q.
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nce |l

Corollary (Convergence to smooth solutions)

If u € H"(Q)?, with r > 1, the solution [up, py] satisfies:

14+ .
llu = un, p = palll S X2h*Hull (), t = min{r, k +1}.

Lemma (Decomposition of singular solutions)

The solution u € V N H(div) of the problem can be decomposed into a
regular part and a singular part as follows:

u=uy+ Vo,

where uy € H*7(Q)9 N Ho(curl), ¢ € H}(Q) N HX(Q) for some real
number r > 3.

R. Codina (UPC) Mixed Stabilised FEMs 87 / 100



A single FEA for three problems Maxwell’s problem

Convergence IV

Assumption on the finite element mesh: There exists a finite element space
Gy, defined over Ty, such that, for any ¢, € Gy, Vo € V). Furthermore,
this space satisfies

i f - s w < ht—S t w
¢h”;GhH¢ PhllHs(w) S 91l He ()

forp € H'(w)and 0 < s <t <1+k.

Corollary (Convergence to singular solutions)

Under the previous assumption, the solution [up, pp| of the discrete
problem satisfies

1

1 Az
llu—un, p—palll < )‘zhtHUOHHHf(Q) + th 6”‘:0“H1+f(9)7

for any € €]0,t — 1/2[ and for t = min{r, k}.
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Darcy flow |

We consider a problem in the unit square with analytical solution:

u = (—2m cos(2mx) sin(2my), —2m sin(2mx) cos(27y))
p = sin(27x) sin(27y)

Method A B C
0,0, = h,h LoY/2RY2 Lo 2RY2 | Lo, Lo
lleu| 1.92 (1) 2.05 (2) 1.97 (1)
llepll 1.93 (2) 2.20 (2) 2.04 (1)
IV -ed || 130 (-) 1.43 (1) 1.43 (1)
Vel || 1.99 (1) 1.70 (1) 0.58 (-)

Table: Experimental convergence rates for the stabilised method according to the
choice of the length scale in the stabilisation parameters when v = 0. The P1-P1
pair.
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Darcy flow Il

Method A B C

Uy, b, = h, h Lo'2hY2 L2 2HY2 | Lo, Lo
lled]| -0.03 (-) 0.86 (1) 1.90 (1)
lles|l -0.04 (-) 0.96 (1) 1.84 (1)

|V - e || -0.42 (-) 0.55 (-) 1.56 (1)

Table: Experimental convergence rates for the stabilised method according to the
choice of the length scale in the stabilisation parameters when v = 0. Piecewise
constant pressures.
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Stokes flow |

We consider a problem in the unit square with analytical solution:

u = (27 sin(2mx) cos(2my), —2m cos(2mx) cos(27y))
p = cos(2mx) cos(2my) — 1

[ Method | ASGS | OSGS |
les| || 1.91 (2) | 2.00 (2)
leol | 1.67 (1) | 1.99 (1)

IV -e | 1.63 (1) | 1.48 (1)

[Vep|| || 0.55(-) | 0.58 (-)

Table: Experimental convergence rates for the OSGS and ASGS methods when
o = 0. The P1-P1 pair.
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Stokes flow Il

[Method || ASGS | OSGS |
le| | 1.98 (2) | 1.98 (2)
e || 145 (1) | 142 (1)
IV el || 1.43(1) | 1.31 (1)

Table: Experimental convergence rates for the OSGS and ASGS methods when
o = 0. Piecewise constant pressures.
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Maxwell's problem |

We take the datum f such that the solution in polar coordinates (r, 6) is:
no. 2
u=YV <r23 sin gﬁ)

in the nonconvex domain Q = [—1,1]2\ [0, 1]2. We have that
uc H%*(Q), for any € > 0.
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Maxwell's problem Il

o. 0
“u g [%u
7 rot(u) O e - rot(u)
0 o -op
o grad(p) -1 oy | grad(p)
~-0.5 + slope 1 - IR A +-slope 1
= * slope 2 —L5p s . * slope 2
I e
5 - 3 -2 /
g g, [
2 15 =25 +
-3+ *
-2|
-35F - #
Y -
=16 -08 06 -6  -14 12 -1 -08  -0.6
log(h)
(b) n =1 without div-div term
-0. -15
—-u ¥ [%u
= rot(u) - rot(u)
-1 o -op
o grad(p) o grad(p)
15 + slope 1 — + slope 1
= * slope 2 = * slope 2
I e
5 -2 o
] ]
< 25 =
=3 *
236 s 2 -1 -08  -06 08 06
log(h)
(c)n=2
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Maxwell's problem Il

Instead of stabilising the (augmented) curl-formulation, one could stabilise
the mixed curl-div formulation, leading to:

a(uh, Vh) + b(Vh, ph) (Cu)\v - Up, V- Vh) = (f, Vh) s

b(up, gn) + Z / K Vpp- Vg, =0,

KeTh

This formulation should not be able to approximate solutions u ¢ H(Q2)9.
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Maxwell's problem IV: u,-velocity
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Maxwell’s problem V: uy-velocity
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Conclusions |: Stokes-Darcy's problem

@ A unified framework for the Stokes-Darcy problem.

@ Two families of stabilised finite element methods which are optimally
stable and convergent.

@ A design of the stabilisation parameters which, according to the choice
of a length scale, yield methods with different properties in the case of
Darcy's problem:

e Method A: Classical stabilised finite element method. Optimal only
when the problem is viewed as a mixed Poisson’s problem.

o Method B: Optimal for k = /.

e Method C: Optimal if k = /+ 1, which would correspond to inf-sup
stable elements for the Stokes problem.

@ In any case, arbitrary u-p interpolations can be used (conforming, in
the formulation presented here).
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Conclusions Il: Maxwell's problem

Main ingredients of the numerical method:
@ Use of a mixed formulation to avoid spurious control on ||V - up]].
@ Augmented formulation to control ||V py||.

o stabilising terms to control h||V - uy|| and thus the whole
H(curl)-norm.

Main properties:

Stability in natural norms.
Optimal convergence for smooth solutions.

Excellent convergence to a singular solution in a test case.

Arbitrary (conforming) u-p interpolations can be used (including nodal
interpolations).
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Conclusions Ill: general remarks

@ The difficulty of a unified framework for the Stokes-Maxwell-Darcy
problem relies on the different functional setting for p (p € L?(R) for
the Stokes and the Darcy problems, p € H'(Q) for the Maxwell
problem).

o In all cases, the stabilised formulations can be based on the VMS
formulation with:

o A proper scaling of the problem, which requires the introduction of L.
o A closed form expression for the subscales based on an approximate
Fourier analysis.

@ The methods analyzed fit in the objective of making the numerical
formulation independent of the finite element interpolation.
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