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Introduction to mixed methods

Definition

Definition (mixed problem)

Consider a variational problem of the form: find u ∈ V such that

B(u, v) = L(v) ∀v ∈ V

with B : V × V → R bilinear and continuous, and L : V → R continuous.
We say that this is a mixed problem if u = [u1, u2], V = V1 × V2, with
V1 6= V2. The extension to n-unknowns is obvious.

Another way to write a mixed problem is: find [u1, u2] ∈ V1 × V2 such that

a11(u1, v1) + a12(u2, v1) = l1(v1) ∀v1 ∈ V1

a21(u1, v2) + a22(u2, v2) = l2(v2) ∀v2 ∈ V2

When V1 and V2 are spaces defined on geometrical domains of different
dimension (e.g., d and d − 1), the problem is called a hybrid problem.
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Introduction to mixed methods

Well-posedness

Suppose that aij : Vj × Vi → R is bilinear and continuous and li : Vi → R
linear and continuous. Let u = [u1, u2], V = V1 × V2 and

B([u1, u2], [v1, v2]) = a11(u1, v1) + a12(u2, v1) + a21(u1, v2) + a22(u2, v2)

L([v1, v2]) = l1(v1) + l2(v2)

inf-sup Condition (elaborated later)

The problem is well-posed if, and only if,

∀u ∈ V ∃v ∈ V | B(u, v) ≥ KB‖u‖V ‖v‖V ,

for a constant KB > 0. We will refer to this condition as the inf-sup
condition.
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Introduction to mixed methods

Well-posedness for a system of equations

Let Kii be the coercivity constant of aii and Nij the continuity constant
of aij , i.e.,

aii (ui , ui ) ≥ Kii‖ui‖2Vi
, aij(uj , vi ) ≤ Nij‖uj‖Vj

‖vi‖Vi

with the norms ‖ · ‖V1 , ‖ · ‖V2 endowing V1,V2 of a Banach space structure.

Theorem
The inf-sup condition holds if

det
[
K11 N12
N21 K22

]
= K11K22 − N12N21 > 0
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Introduction to mixed methods

Proof of the well-posedness for systems

Given u = [u1, u2] ∈ V , let us pick v = [u1, γu2], with γ > 0. Then:

B(u, v) = a11(u1, u1) + a12(u2, u1) + a21(u1, γu2) + a22(u2, γu2)

≥ K11‖u1‖2V1
− N12‖u1‖V1‖u2‖V2 − γN21‖u1‖V1‖u2‖V2 + γK22‖u2‖2V2

≥ K11‖u1‖2V1
− N12

(
β1

2
‖u1‖2V1

+
1

2β1
‖u2‖2V2

)
+ γK22‖u2‖2V2

− N21

(
β2

2
γ2‖u2‖2V2

+
1

2β2
‖u1‖2V1

)
=

(
K11 − N12

β1

2
− N21

1
2β2

)
‖u1‖2V1

+

(
γK22 − N21

β2

2
γ2 − N12

1
2β1

)
‖u2‖2V2
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Introduction to mixed methods

Proof of the well-posedness for systems (cont)

B will be coercive if we can choose β1, β2, γ such that

K11 − N12
β1

2
− N21

2β2
> 0⇒ β1 <

2K11α1

N12
, β−1

2 <
2K11α2

N21
(1)

with α1 + α2 = 1 (α1, α2 > 0) and

γ > Aγ2 + B, A =
N2

21β2

4K11K22α2
, B =

N2
12

4K11K22α1
(2)

This is possible to fulfil if

AB <
1
4
⇐⇒ N12N21 < 2K11K22

√
α1α2

Since α1 + α2 = 1, the maximum of
√
α1α2 is 1

2 , and thus β1, β2 and γ satisfying
(1) and (2) exist.
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Introduction to mixed methods

Saddle point problems

Very often a22 = 0 and l2 = 0, i.e., the mixed problem is of the form:

a11(u1, v1) + a12(u2, v1) = l1(v1) ∀v1 ∈ V1

a21(u1, v2) = 0 ∀v2 ∈ V2

therefore, the simple sufficient condition presented above is not applicable.
When a11 is symmetric and a12(v2, v1) = a21(v1, v2), it is easily checked
that the previous problem is equivalent to

u1 = arg inf
{
1
2
a11(v1, v1)− l1(v1)

}
such that a21(u1, v2) = 0 ∀v2 ∈ V2

i.e., it is a saddle point problem.
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Introduction to mixed methods

Finite element approximation

Let V1,h ⊂ V1, V2,h ⊂ V2 be FE spaces constructed from a partition {K}
of the computational domain Ω. We will see that, in general, the
construction of V1,h and V2,h needs to be different. We consider the
(Lagrangian) approximations:

vi (x) ≈ vi ,h(x) =

ni∑
a=1

Na
i (x)vai , i = 1, 2, vi ,h ∈ Vi ,h

For the moment, we may think of vi as scalar functions. Then

aij(uj , vi ) = aij

( nj∑
a=1

Na
j u

a
j ,

ni∑
b=1

Nb
i v

b
i

)
=

nj∑
a=1

ni∑
b=1

vbi aij(N
a
j ,N

b
i ) uaj

= vT
i Aijuj

where uTi = [u1
i , u

2
i , . . . , u

ni
i ], Aba

ij = aij(N
a
j ,N

b
i ), Aij ∈ Mat(ni , nj).
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Introduction to mixed methods

Matrix structure

We may write

li (vi ) =

ni∑
b=1

vbi li (N
b
i )

Introducing
fTi = [li (N

1
i ), . . . , li (N

ni
i )]

we may write the final algebraic system as

[vT
1 , v

T
2 ]

[
A11 A12
A21 A22

] [
u1
u2

]
= [vT

1 , v
T
2 ]

[
f1
f2

]
or, since it must hold ∀v1 ∈ Rn1 , v2 ∈ Rn2 :[

A11 A12
A21 A22

] [
u1
u2

]
=

[
f1
f2

]
In saddle point problems A22 = 0.
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Introduction to mixed methods

Darcy’s problem in primal form: Poisson’s problem

Consider the following Poisson’s problem: find u : Ω→ R such that

−κ∆u + σu = f in Ω

u = ū on Γu

−κ∂u
∂n

= g on Γg

Let Vs = {v ∈ H1(Ω) | v = 0 on Γu}. The weak form of the problem is:
find u : Ω→ R such that u − ū ∈ Vs and

B(u, v) = L(v) ∀v ∈ Vs

B(u, v) = κ

∫
Ω
∇u · ∇v +

∫
Ω
σuv

L(v) =

∫
Ω
fv +

∫
Γg

vg
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Introduction to mixed methods

Darcy’s problem in primal form: weak form

We can also consider the mixed form of Poisson’s problem, called Darcy’s
problem. It consists of finding u : Ω→ R and q : Ω→ Rd such that

κ−1q +∇u = 0 in Ω

∇ · q + σu = f in Ω

u = ū on Γu

−n · q = g on Γg

Observe that q = −κ∇u. For the primal formulation let Vs as for the
irreducible form and Rs = [L2(Ω)]d . Using the fact that∫

Ω
v∇ · q = −

∫
Ω
∇v · q +

∫
∂Ω

vn · q = −
∫

Ω
∇v · q +

∫
Γg

v(−g)

we may consider the following problem: find [u, q] ∈ Vs × Rs such that

κ−1(q, r) + (∇u, r) = 0 ∀r ∈ Rs

−(∇v , q) + σ(v , u) = 〈v , f 〉+ 〈v , g〉Γg ∀v ∈ Vs
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Introduction to mixed methods

Darcy’s problem in primal form: abstract formulation

Defining:

a : Rs × Rs → R, q, r 7→ a(q, r) = κ−1(q, r)

b : Vs × Rs → R, u, r 7→ b(u, r) = (∇u, r)

c : Vs × Vs → R, v , u 7→ c(v , u) = σ(v , u)

l : Vs → R, v 7→ l(v) = 〈v , f 〉+ 〈v , g〉Γg

we may write the weak form as:

a(q, r) + b(u, r) = 0 ∀r ∈ Rs

−b(v , q) + c(u, v) = l(v) ∀v ∈ Vs

Let U = [q, u], V = [r , v ] (note space for u) and

B(U,V ) = a(q, r) + b(u, r)− b(v , q) + c(u, v)

L(V ) = l(v)
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Introduction to mixed methods

Darcy’s problem in primal form: well posedness

Note that

B(U,U) = a(q, q) + c(u, u) = κ−1‖q‖2 + σ‖u‖2

B is not coercive, since control on ∇u is missing. However, the problem
is well-posed, as there holds:

∀U ∈ Rs × Vs ∃V ∈ Rs × Vs such that B(U,V ) & ‖U‖Rs×Vs‖V ‖Rs×Vs

Even if this holds at the continuous level, it does not necessarily hold at
the discrete level. The matrix structure of this discrete problem is:[

A B
−BT C

] [
q
u

]
=

[
0
f

]
Note that, if σ = 0, C = 0.
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Introduction to mixed methods

Darcy’s problem in dual form: weak form

For the dual formulation let Vs = L2(Ω) and Rs = H(div,Ω). Since∫
Ω
r · ∇u = −

∫
Ω
∇ · r u +

∫
∂Ω

n · r u = −
∫

Ω
∇ · r u +

∫
Γu

n · r ū

we may consider the following problem: find [u, q] ∈ Vs × Rs such that

κ−1(q, r)− (u,∇ · r) = −〈n · r , ū〉Γu ∀r ∈ Rs

(v ,∇ · q) + σ(v , u) = 〈v , f 〉 ∀v ∈ Vs

The structure of the problem is the same as for the primal
formulation, with a a different functional setting.
The inf-sup condition holds.
Discrete inf-sup stable finite element spaces for the primal and the
dual formulation are different.
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Introduction to mixed methods

Stokes problem

It consists of finding u : Ω→ Rd , p : Ω→ R such that

−ν∆u +∇p = f in Ω

∇ · u = 0 in Ω

u = 0 on ∂Ω (for simplicity)

Let V = H1
0 (Ω)d , Q = L2(Ω)/R. The weak form is: find u ∈ V , p ∈ Q s.t.

ν(∇u,∇v)− (p,∇ · v) = 〈f , v〉 ∀v ∈ V

(q,∇ · u) = 0 ∀q ∈ Q

The matrix structure of the FE approximation to this problem is[
A B
−BT 0

] [
u
p

]
=

[
f
0

]
V and Q satisfy the inf-sup condition. However, when FE spaces Vh ⊂ V
and Qh ⊂ Q are considered, this condition is not obvious to be satisfied.
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Introduction to mixed methods

Maxwell’s problem: problem statement

It consists of finding u : Ω→ Rd such that ∇ · u = 0 and

∇×∇× u = f in Ω (with ∇ · f = 0)

n × u = 0 on ∂Ω (for simplicity)

The curl-curl operator is not injective (∇×∇ϕ = 0 for any ϕ, for example),
and one can make the problem well-posed in several ways. One is Kikuchi’s
formulation, which consists of finding u : Ω→ Rd and p : Ω→ R s.t.:

∇×∇× u +∇p = f in Ω

∇ · u = 0 in Ω

n × u = 0 on ∂Ω

p = 0 on ∂Ω

The continuous solution is p = 0, since p solves the problem:

∆p = 0 in Ω

p = 0 on ∂Ω
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Introduction to mixed methods

Maxwell’s problem: functional setting and FE approximation

Let us introduce the space:

V = H0(curl; Ω)

= {v : Ω→ Rd | v ∈ L2(Ω)d ,∇× v ∈ L2(Ω)d , n × v = 0 on ∂Ω}

If Q = H1
0 (Ω), the weak form of the problem is: find u ∈ V and p ∈ Q s.t.

(∇× u,∇× v) + (v ,∇p) = (v , f ) ∀v ∈ V

−(u,∇q) = 0 ∀q ∈ Q

The matrix structure of the FE approximation is:[
A G
−GT 0

] [
u
p

]
=

[
f
0

]
It is a saddle point problem.
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Introduction to mixed methods

Elasticity: problem statement

The equations modeling a linear elastic body are the following:

−∇ · σ = f in Ω (Cauchy’s equation)

C−1 : σ − ε = 0 in Ω (Constitutive equation)

ε−∇su = 0 in Ω (Geometrical equation, ∇su =
1
2

(∇uT +∇u))

u = 0 on ∂Ω (for simplicity)

Where:
σ : Ω→ Rd ⊗ Rd : Cauchy stress tensor.
ε : Ω→ Rd ⊗ Rd : Strain tensor (infinitesimal strain).
u : Ω→ Rd : Displacement field.
C ∈ Rd ⊗ Rd ⊗ Rd ⊗ Rd : Constitutive tensor.
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Introduction to mixed methods

Elasticity: incompressible materials

There holds:

Cijkl = Cjikl = Cijlk = Cklij

ε : C : ε = εijCijklεkl & E‖ε‖2

This makes the problem elliptic.
If the material is incompressible, it is convenient to decompose:

σ = −pI + σ′, p = −1
3
tr(σ), tr(σ′) = 0

σ′ is deviatoric and pI is volumetric. In this case, the equations are:

−∇ · σ′ +∇p = f

C−1
dev : σ′ − ε′ = 0

ε′ − dev(∇su) = 0
∇ · u = 0
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Introduction to mixed methods

Elasticity: weak form and FE approximation

Considering all possible variables, the weak form would is: find
σ ∈ Vσ, ε ∈ Vε, p ∈ Vp and u ∈ Vu such that

(∇sv , σ′)− (p,∇ · v) = 〈f , v〉 ∀v ∈ Vu

(τ, σ′)− (τ,Cdev : ε′) = 0 ∀τ ∈ Vε

(η, ε′)− (η,∇su) = 0 ∀η ∈ Vσ

(q,∇ · u) = 0 ∀q ∈ Vp (incompressible case)

with Vu = [H1
0 (Ω)]d , Vσ = [L2(Ω)]d×d , Vε = [L2(Ω)]d×d , Vp = L2(Ω)/R.

The matrix structure of the FE approximation is:
−Mc M 0 0
M 0 −Gs 0
0 −GT

s 0 G
0 0 GT 0



εεε
σσσ
u
p

 =


0
0
f
0


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Introduction to mixed methods

Elasticity: σ-u formulation

A particular case of interest is the σ-u formulation, which reads:

−∇ · σ = f

C−1 : σ −∇su = 0

The mathematical structure is very similar to that of Darcy’s problem. It
also admits a primal and a dual formulation. For the dual formulation,
the weak form is

−(∇ · σ, v) = 〈f , v〉 ∀v ∈ Vu = [L2(Ω)]d

(τ,C−1 : σ) + (∇ · τ, u) = 0 ∀τ ∈ Vσ = [H(div,Ω)]d (zero BCs)

The matrix structure of the FE approximation is:[
Mc −Gs

−GT
s 0

] [
σσσ
u

]
=

[
0
f

]
inf-sup stable elements for this problem are quite involved.
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Introduction to mixed methods

Reissner-Mindlin plates: problem statement

The bending of a plate using Reissner-Mindlin theory yields the following
BVP: find θ : Ω→ R2 and w : Ω→ R (rotations and deflection) s.t.:

−k1∆θ − k2∇(∇ · θ)− 1
ε

(∇w − θ) = m in Ω

−1
ε
∇ · (∇w − θ) = q in Ω

w = 0 on ∂Ω

θ = 0 on ∂Ω

where

k1 =
Et3

24(1 + ν)
, k2 =

Et3

24(1− ν2)

ε =
2(1 + ν)

Eκt
, E , ν : elastic parameters

t : plate thickness, κ : shear correction factor
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Introduction to mixed methods

Reissner-Mindlin plates: weak form

The weak form is: find θ ∈ V 2
θ = H1

0 (Ω)2,w ∈ Vw = H1
0 (Ω) s.t.

k1(∇θ,∇ψ) + k2(∇ · θ,∇ · ψ) +
1
ε

(∇w − θ,∇v − ψ) = (ψ,m) + (v , q)

∀ψ ∈ V 2
θ ,∀v ∈ Vw .

Since Vθ = Vw , in principle the problem is not a mixed problem.
It turns out that ki = O(t3), i = 1, 2, and ε−1 = O(t).
In the limit t → 0, the solution should be θ = ∇w , and therefore
Vw = H1

0 (Ω) ∩ H2(Ω).
Since the functional framework changes when t → 0, this is an
example of singularly perturbed problem.
When FE spaces are used, it is convenient to consider Vθ,h ⊂ Vθ,
Vw ,h ⊂ Vw , with Vθ,h 6= Vw ,h to allow for the limit t → 0, i.e., the
problem needs to be treated as a mixed problem.
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Introduction to mixed methods

Reissner-Mindlin plates: FE approximation

The matrix form of the FEA is:[
k1K1 + k2K2 + 1

εM −1
εG

−1
εG

T 1
εL

] [
θθθ
w

]
=

[
m
q

]
If matrix

1
ε

[
M −G
−GT L

]
is not singular and the FE spaces are not such that ∇Vw ,h ⊂ Vθ,h, the
solution suffers from shear locking when t → 0, i.e., θθθ → 0 and w→ 0
as t → 0.
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General theory

Main result

The problem we consider is: find U ∈ XU such that

B(U,V ) = L(V ) ∀V ∈ XV

where UT = [u1, . . . , un], V T = [v1, . . . , vn], and B and L are continuous,
but B is not necessarily coercive.

Theorem (Babuška-Lax-Milgram)

The problem is well posed if, and only if,

1 inf
U∈XU\{0}

sup
V∈XV \{0}

|B(U,V )|
‖U‖XU

‖V ‖XV

≥ KB > 0

2 sup
U∈XU

|B(U,V )|
‖V ‖XV

> 0 ∀V ∈ XV \ {0}

If these two conditions hold, the unique solution can be bounded as

‖U‖XU
≤ NL

KB
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General theory

Proof of Babuška-Lax-Milgram’s Theorem

There holds

inf
U

sup
V

|B(U,V )|
‖U‖‖V ‖

≥ KB > 0⇔ ∀U ∈ Xu sup
V

|B(U,V )|
‖V ‖

≥ KB‖U‖

⇔ ∀U ∈ XU ∃V ∈ XV such that B(U,V ) ≥ KB‖U‖XU
‖V ‖XV

If this and the non-degeneracy condition hold, the closed range theorem implies
that the problem is well posed. The stability bound for the solution is trivial:

KB‖U‖‖V ‖ ≤ B(U,V ) = L(V ) ≤ NL‖V ‖

Remark In the finite dimensional case, the inf-sup condition is

min
U

max
V

V tBU

‖U‖‖V ‖
≥ KB > 0

It is seen that kB is an estimate for the minimum generalised eigenvalue of
B . Thus, the inf-sup condition is nothing but the invertibility of B .
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General theory

Generalised Céa’s Lemma

Suppose that XU = XV = X is Hilbert and separable:

X = span{φn}∞n=1

and consider XN = span{φn}n=1,...,N<∞. We may then analyse the finite
dimensional problem: find UN ∈ XN such that

B(UN ,VN) = L(VN) ∀VN ∈ XN

Theorem (Generalised Céa’s Lemma)

If the inf-sup condition

∀UN ∈ XN ∃VN ∈ XN | B(UN ,VN) ≥ KB‖UN‖‖VN‖

holds, then the finite dimensional problem has a unique solution that
satisfies:

‖U − UN‖ ≤
(
1 +

NB

KB

)
inf

WN∈XN

‖U −WN‖
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General theory

Proof of the Generalised Céa’s Lemma

Well posedness is trivial. Observe also that ∀VN ∈ XN :

KB‖UN‖‖VN‖ ≤ B(UN ,VN) = L(VN) ≤ NL‖VN‖ ⇒ ‖UN‖ ≤
NL

KB

We also have that:

B(U,VN) = L(VN) ∀VN ∈ XN

B(UN ,VN) = L(VN) ∀VN ∈ XN

⇒ B(U − UN ,VN) = 0 ∀VN ∈ XN (consistency). Then ∀WN ∈ XN ∃VN ∈ XN

such that:

KB‖UN −WN‖‖VN‖ ≤ B(UN −WN ,VN) + B(U − UN ,VN)

= B(U −WN ,VN) ≤ NB‖U −WN‖‖VN‖

⇒ ‖UN −WN‖ ≤ NB

KB
‖U −WN‖. Using the triangle inequality:

‖U − UN‖ ≤ ‖U −WN‖+ ‖WN − UN‖

≤
(
1 +

NB

KB

)
‖U −WN‖
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General theory

Application to saddle point problems

The two previous results are general for any BVP. Consider now:

a(u, v) + b(p, v) = lu(v)

−b(q, u) + c(p, q) = lp(q)

with U = [u, p], V = [v , q], X = V ×Q, all forms continuous, and a and c
symmetric. This problem is equivalent to (problem SP):

B([u, p], [v , q]) = a(u, v) + b(p, v)− b(q, u) + c(p, q)

= L([v , q]) = lu(v) + lp(q)

Theorem (Saddle point problem structure)

Suppose that a(v , v) > 0 ∀v ∈ V \ {0} and c(p, p) ≥ 0. Then:

[u, p] = arg inf
v∈V

sup
q∈Q
L(v , q)

where L(v , q) = 1
2a(v , v) + b(q, v)− 1

2c(q, q)− lu(v)− lp(q).
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General theory

Proof of the saddle point problem structure

Let f (ε1, ε2) = L(u + ε1v , p + ε2q).

∂f

∂ε1

∣∣∣∣
ε1=ε2=0

= a(u, v) + b(p, v)− lu(v) = 0

∂f

∂ε2

∣∣∣∣
ε1=ε2=0

= b(q, u)− c(p, q)− lp(q) = 0

so that if [u, p] solves SP it is a critical point of L. On the other hand:

det

[
∂2f
∂ε21
− λ ∂2f

∂ε1∂ε2
∂2f

∂ε1∂ε2
∂2f
∂ε22
− λ

]
= det

[
a(v , v)− λ b(q, v)
b(q, v) −c(q, q)− λ

]
= 0

⇒ 2λ1,2 = a(v , v)− c(q, q)±
√

(a(v , v) + c(q, q))2 + 4b(q, v)2.
λ1 ≥ a(v , v) > 0 and λ2 ≤ −c(q, q) ≤ 0, which indicates a saddle point
structure. L(v , 0) = 1

2a(v , v)− lu(v) clearly has a minimum as a critical point,
since a(v , v) > 0.
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General theory

Ladyzhenskaya-Babuška-Brezzi’s Theorem

Theorem (Ladyzhenskaya-Babuška-Brezzi)

For a saddle point problem, suppose that:

H1. a and b are continuous, a is non-negative (a(v , v) ≥ 0,∀v ∈ V ).

H2. a(u, v) is coercive in K = {v ∈ V | b(q, v) = 0 ∀q ∈ Q}. i.e., ∃Ka > 0 such
that a(u, u) ≥ Ka‖u‖2 ∀u ∈ K .

H3. “Little” inf-sup condition: ∀p ∈ Q ∃v ∈ V | b(p, v) ≥ Kb‖p‖‖v‖.

H4. c(·, ·) is continuous and coercive in ‖ · ‖Q̂ , possibly weaker than ‖ · ‖Q :
∃Nc > 0, Kc = γNc , γ > 0 such that

c(p, q) ≤ Nc‖p‖Q̂‖q‖Q̂ ∀p, q ∈ Q

c(p, p) ≥ Kc‖p‖2Q̂ ∀p ∈ Q

Then, B([u, p], [v , q]) satisfies the inf-sup condition in the norm

‖[v , q]‖V×Q =
√
Ka‖v‖V +

√
Mab‖q‖Q for a certain constant Mab > 0.
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General theory

Proof of LBB’s Theorem: setting

V

K
v

K⊥
Q ′

BT (operator, not bilinear form)

0

b(·, v)a(v, v) ≥ Ka‖v‖2

a(v, v) ≥ 0

K = kerBT
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General theory

Proof of LBB’s Theorem (I)

B(·, ·) is trivially continuous. Let BT be the operator b(·, v) and K = Ker BT .
Let V = K ⊕ K⊥, with ⊥ with respect to the inner product that restricted to K
coincides with a(·, ·). Then, if v = v0 + v1, v0 ∈ K , v1 ∈ K⊥:

a(v , v) = a(v0, v0) + a(v1, v1)

There holds:

B([u, p], [u0, 0]) = a(u, u0) = a(u0, u0) ≥ Ka‖u0‖2 (3)

The closed range theorem implies:

∀v ∈ K⊥ ∃ q ∈ Q s.t. Kb‖q‖Q‖v‖V ≤ b(q, v)

(In the finite dimensional case, this is equivalent to saying that the rank of a
matrix is equal to the rank of the transpose and the generalised eigenvalues are
the same).
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General theory

Proof of LBB’s Theorem (II)

Thus, for v = u1 ∈ K⊥ ∃ q1 ∈ Q such that Kb‖q1‖‖u1‖V ≤ b(q1, u1). We may
take ‖q1‖Q = Ka

Kb
‖u1‖V . Then:

B([u, p], [0, q1]) = −b(q1, u) + c(p, q1)

≥ Kb‖q1‖‖u1‖ − Nc‖p‖Q̂‖q1‖Q̂

≥ Ka‖u1‖2 −
(

1
2α
‖p‖2

Q̂
+
α

2
‖u1‖2

)
NcKa

Kb

≥ Ka

2
‖u1‖2 −

N2
cKa

2K 2
b

‖p‖2
Q̂

for α =
Kb

Nc
if Nc 6= 0 (4)

Given p ∈ Q, there exists vp ∈ V such that Kb‖p‖‖vp‖ ≤ b(p, vp). Let us take
‖vp‖ = KaKb

N2
a
‖p‖Q . We have that

B([u, p], [vp, 0]) = a(u, vp) + b(p, vp) ≥ Kb‖p‖‖vp‖ − Na‖u‖‖vp‖

≥ Kb‖p‖‖vp‖ −
Na

2α
‖u‖2 − Naα

2
‖vp‖2

≥ KaK
2
b

2N2
a

‖p‖2 − Ka

2
‖u‖2 for α =

Na

Ka
(5)
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General theory

Proof of LBB’s Theorem (III)

Finally:
B([u, p], [u, p]) = a(u, u) + c(p, p) ≥ Kc‖p‖2Q̂ (6)

The element we were looking for is:

[v , q] = [u0 + vp + βu, 2q1 + βp]

Summing (3)-(6):

B([u, p], [v , q]) ≥ Ka‖u‖2V +
KaK

2
b

N2
a

‖p‖2Q +

(
βγNc −

N2
cKa

K 2
b

)
‖p‖2

Q̂

For β large enough, it follows that

B([u, p], [v , q]) & ‖[u, p]‖2V×Q

It is readily checked that ‖[v , q]‖V×Q . ‖[u, p]‖V×Q from where the theorem
follows.
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General theory

FE approximation of saddle point problems

Let us consider the FEA: find uh ∈ Vh ⊂ V and ph ∈ Qh ⊂ Q s.t.

a(uh, vh) + b(ph, vh) = lu(vh) ∀vh ∈ Vh

−b(qh, uh) + c(ph, qh) = lp(qh) ∀qh ∈ Qh

The assumptions of the LBB theorem need to apply. In particular:

inf
ph∈Qh

sup
vh∈Vh

b(ph, vh)

‖ph‖Q‖vh‖V
≥ β > 0

This condition is not inherited for the discrete problem. Obviously:

∀ph ∈ Qh ∃ v ∈ V s.t. b(ph, v) ≥ β‖ph‖Q‖v‖V but maybe v 6∈ Vh

Main remark
In some cases, the discrete inf-sup condition is difficult or inconvenient to
satisfy. For example, it prevents from using equal interpolation for uh, ph.
A possibility to avoid this is to use stabilised finite element methods.
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General theory

Optimisation problem

The matrix structure of the problem is[
A B
BT C

] [
u
p

]
=

[
fu
fp

]
If C = 0 and fp = 0, p can be understood as a Lagrange multiplier to
impose the condition BTu = 0. Indeed, the problem corresponds to the
minimization of the functional

J (u) =
1
2
uTAu− uT fu

under the restriction BTu = 0, which is equivalent to optimise the
Lagrangian

L(u,p) =
1
2
uTAu− uT fu + pTBTu

The Euler-Lagrange equations of this functional are precisely the equations
to be solved.
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Stabilised finite element methods

Outline
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Stabilised finite element methods

Problem to be solved

Let us consider a quite general second order BVP of the form:

Lu = f , u : Ω→ Rn

where the operator L is defined as:

Lu = −∂i (Kij∂ju) + Ac,i∂iu + Af ,i∂iu + Su

where Af ,i ,Ac,i , S ,Kij ∈ Mat(n, n). As BCs, we consider:

Du = 0 on ∂Ω

where D : Rn → Rm, m ≤ n, depends on which components of u can be
prescribed. Matrices {Kij}i ,j=1,d are assumed to define a positive
semi-definite quadratic form. The convection matrices Ai = Ac,i + Af ,i are
split into those that will not be integrated by parts (Ac,i ) and those that
will (Af ,i ). The reaction matrix S is assumed to be positive semi-definite.
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Stabilised finite element methods

Adjoint operators

In any region ω ⊆ Ω, let us introduce:

Bω(u, v) = (∂iv ,Kij∂ju)ω + (v ,Ac,i∂iu)ω − (∂i (A
t
f ,iv), u)ω + (v ,Su)ω

Defining the operators:
Adjoint operator: L∗v = −∂i (K t

ij∂jv)− ∂i (At
c,iv)− ∂i (At

f ,iv) + S tv

Flux operator: Fnu = niKij∂ju − niAf ,iu

Adjoint flux: F∗nv = niK
t
ij∂jv + niA

t
c,iv

there holds:

Bω(u, v) = (Lu, v)ω + (Fnu,Dv)∂ω

= (u,L∗v)ω + (Du,F∗nv)∂ω
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Stabilised finite element methods

Sources of numerical instability

Calling L(v) = (v , f ), BΩ(u, v) ≡ B(u, v), the problem we consider is: find
u ∈ X such that:

B(u, v) = L(v) ∀v ∈ X

where u = [u1, . . . , un] ∈ X = X1 × · · · × Xn. The FEA to this problem
may suffer from two fundamental sources of instability:

1 Lack of compatibility between Xh,1, . . . ,Xh,n; i.e., failure to satisfy the
appropriate inf-sup conditions. This is the classical situation in mixed
methods.

2 Singular perturbation problems, i.e., L depends on parameters that, in
the limit, change the functional framework of the problem. Thus,
u ∈ X , but in the limit u ∈ X̃ 6= X . This is the situation in
convection-diffusion problems or in plates with thickness t → 0.
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Stabilised finite element methods

Stabilised FE methods

Consider the Galerkin FEA: find uh ∈ Xh ⊂ X s.t.

B(uh, vh) = L(vh) ∀vh ∈ Xh

Stabilised FEMs consist in replacing this problem by: find uh ∈ Xh such
that:

Bh(uh, vh) = B(uh, vh) + Bs(uh, vh)

= Lh(vh) =: L(vh) + Ls(vh) ∀vh ∈ Vh

where Bs(uh, vh) and Ls(vh) are usually mesh dependent. The discrete
problem has to satisfy two main conditions:

1 It should be consistent or, at least, weakly consistent:

|Bh(u, vh)− Lh(vh)| ≤ Chr , r large enough

2 It should satisfy an inf-sup condition in a mesh dependent norm:

∀uh ∈ Xh ∃vh ∈ Xh | Bh(uh, vh) ≥ KBh
‖uh‖h,X‖vh‖h,X
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Stabilised finite element methods

Variational multiscale (VMS) approach

There are several methods to design stabilised FEMs. Here we shall follow
the VMS approach. The basic idea is to split:

X = Xh ⊕ X ′, X ′ to be determined
u = uh + u′

The original continuous problem is equivalent to:{
B(uh, vh) + B(u′, vh) = L(vh) ∀vh ∈ Xh

B(uh, v
′) + B(u′, v ′) = L(v ′) ∀v ′ ∈ X ′

u′ is called sub-grid scale (SGS).
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Stabilised finite element methods

Basic identities

Thinking that the approximation to u′ may be discontinuous, and that we
will approximate u′, but not its derivatives, we may write:

B(u′, vh) =
∑
K

BK (u′, vh)

=
∑
K

[
(u′,L∗vh)K + (Du′,F∗nvh)∂K

]
B(uh, v

′) + B(u′, v ′) =
∑
K

[BK (uh, v
′) + BK (u′, v ′)]

=
∑
K

[(Luh, v ′)K + (Fnuh,Dv ′)∂K + (u′,L∗v ′)K + (Fnu
′,Dv ′)∂K ]

=
∑
K

[(Luh, v ′)K + (Lu′, v ′)K ] =
∑
K

(v ′, f )

assuming that Fnuh + Fnu
′ is continuous and so is Dv ′.
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Stabilised finite element methods

Split continuous problem

The original problem can be written as:

Continuous problem for the FEM solution and the SGS

B(uh, vh) +
∑
K

[
(u′,L∗vh)K + (Du′,F∗nvh)∂K

]
= L(vh)∑

K

(Lu′ + Luh, v ′)K =
∑
K

(v ′, f )K

Calling Ruh = f − Luh the finite element residual in each K , the equation
for the SGS is: ∑

K

(Lu′, v ′)K =
∑
K

(v ′,Ruh)K
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Stabilised finite element methods

Approximation of the SGSs on the element edges

We have assumed that Fnuh + Fnu
′ is continuous, but u′ on the element

edge must be such that this is possible. Several heuristic arguments lead to
the approximation:

Du′|E ≈ τE [[Fnuh]]E , τE ∈ Mat(n, n)

where [[Fnuh]]E = Fn1uh|E + Fn2uh|E being n1 = −n2. This leads to:∑
K

(Du′,F∗nvh)∂K =
∑
E

(Du′, [[F∗nvh]])E

=
∑
E

(τE [[Fnuh]], [[F∗nvh]])E

The jump of the flux on the edges of ∂Ω is just this flux. If there are
Neumann-type BC’s on part of ∂Ω, of the form Fnu = g , the jump of the
edges on this boundary has to be replaced by Fnuh − g .
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Stabilised finite element methods

Approximation of the SGSs on the element edges: notation

 

K1

K2

E

∂K1
∂K2

n2

n1

δ δ 
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Stabilised finite element methods

Approximation of the SGSs in the element interiors

Several heuristic arguments (bubbles, Green’s function approximation,
approximate Fourier analysis) lead to the following fundamental
approximation: ∑

K

(Lu′, v ′)K ≈
∑
K

(τ−1
K u′, v ′)K

where τK ∈ Mat(n, n) is the so-called matrix of stabilisation parameters.
Therefore, the equation for the SGSs in the element interiors is:∑

K

(τ−1
K u′, v ′)K =

∑
K

(v ′, f − Luh)K

If P ′ is the L2 projection onto the space V ′, we have that:

u′|K = τKP
′(f − Luh)|K

If V ′ is taken as the space of FE residuals, then P ′ = I . This is the most
common approach in the literature. P ′ can also be the projection onto a
bubble space. If V ′ = V⊥h , then P ′ = P⊥h = I − Ph, leading to the
Orthogonal Sub-Grid Scale (OSGS) formulation.
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Stabilised finite element methods

Final stabilised FE problem

Stabilised FE problem
Find uh ∈ Vh such that:

B(uh, vh) +
∑
K

(τKP
′(f − Luh),L∗vh)K

+
∑
E

(τE [[Fnuh]], [[F∗nvh]])E = L(vh) ∀vh ∈ Vh

In terms of the general structure of stabilised FEMs:

Bs(uh, vh) =
∑
K

(τKP
′(−Luh),L∗vh)K +

∑
E

(τE [[Fnuh]], [[F∗nvh]])E

Ls(vh) =
∑
K

(τKP
′(−f ),L∗vh)K
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A single FEA for three problems Inf-sup stable or stabilised?

Model problems

Let Ω ⊂ Rd , d = 2, 3. The problems we are interested in consist in finding
u : Ω −→ Rd and p : Ω −→ R such that
Stokes:

−ν∆u +∇p = f ,
∇ · u = 0.

Maxwell:

λ∇×∇× u +∇p = f ,
∇ · u = 0.

Darcy:

σu +∇p = f ,
∇ · u = 0.
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A single FEA for three problems Inf-sup stable or stabilised?

Inf-sup stable pairs

If the Galerkin method is used, inf-sup stable pairs Vh × Qh are required.
If one can construct finite element spaces such that the following diagram
commutes

R→ H1(Ω)
∇−−−−→ H(curl) ∇×−−−−→ H(div)

∇·−−−−→ L2(Ω)→ 0yPh

yPh

yPh

yPh

R→ Qh,1
∇−−−−→ Vh,Maxwell

∇×−−−−→ Vh,Darcy
∇·−−−−→ Qh,2 → 0

for appropriate projections Ph, stability is ensured.
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A single FEA for three problems Inf-sup stable or stabilised?

Example of stable spaces

Stokes Maxwell 

Inf-sup stable 

Stabilized 

Darcy 
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A single FEA for three problems Inf-sup stable or stabilised?

Combined problems

Problem: What if we combine problems?

−ν∆u + λ∇×∇× u + σu +∇p = f ,
∇ · u = 0.

Stabilised formulations: any conforming u-p interpolation is allowed! No
stability problems will be found in the limits:

ν → 0, σ → 0, λ→ 0
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A single FEA for three problems Inf-sup stable or stabilised?

Objectives

To develop a functional framework for the Stokes-Darcy problem “well
behaved” when ν → 0 (zero viscosity) and when σ → 0 (infinite
permeability), with p ∈ L2(Ω).
To select an appropriate functional framework for the Maxwell
problem, with p ∈ H1(Ω).
To propose finite element methods with

Optimal stability
Optimal convergence

for arbitrary conforming approximations of u and p, without the
difficulty inherent to inf-sup stable elements for the Stokes, the
Maxwell and the Darcy problems.
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A single FEA for three problems Inf-sup stable or stabilised?

Key ingredients

The design of the method is based on:
A two scale decomposition of u and p, within the variational
multiscale framework (VMS).
A proper scaling of the problem, which requires the introduction of a
length scale.
A closed form expression for the subscales based on an approximate
Fourier analysis of the problem.

These ingredients will not be elaborated here. The methods proposed will
be stated without (heuristic) derivation.
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A single FEA for three problems Stokes-Darcy’s problem

Stokes-Darcy’s BVP

Let Ω ⊂ Rd , d = 2, 3, where we consider the Stokes-Darcy (or Brinkman)
problem, which consists in finding a velocity u : Ω −→ Rd and a pressure
p : Ω −→ R such that

−ν∆u + σu +∇p = f ,
∇ · u = g ,

For simplicity, as boundary conditions we will consider u = 0 if ν > 0 and
n · u = 0 if ν = 0.
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A single FEA for three problems Stokes-Darcy’s problem

Variational form

The variational formulation of the problem consists in finding a
velocity-pressure pair [u, p] such that

B([u, p], [v , q]) = L([v , q]),

for all test functions [v , q], where the bilinear form B and the linear form L
are defined by

B([u, p], [v , q]) = ν(∇u,∇v) + σ(u, v)− (p,∇ · v) + (q,∇ · u),

L([v , q]) = 〈f , v〉+ 〈g , q〉.
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A single FEA for three problems Stokes-Darcy’s problem

Functional setting I

Let us introduce the operator

Lu := −ν∆u + σu,

and the associated graph norm

‖u‖2L := ν‖∇u‖2 + σ‖u‖2.

Let VL be obtained as the closure of C∞0 (Ω)d with respect to this norm.
Its dual space V ′L is endowed with the norm

‖u‖L′ := sup
v∈VL

〈u, v〉
‖v‖L

.

Obviously, VL = H1
0 (Ω)d , V ′L = H−1(Ω)d if ν > 0 and VL = V ′L = L2(Ω)d

if ν = 0.
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A single FEA for three problems Stokes-Darcy’s problem

Functional setting II

A key ingredient is the introduction of a characteristic length scale L0,
which plays a key role in the Darcy problem. The reason is the need to
control both u and ∇ · u to obtain stability in H(div,Ω).
Let V be the closure of C∞0 (Ω)d with respect to the norm
‖v‖L +

√
σL0‖∇ · v‖ and Q the closure of C∞(Ω)/R with respect to

(ν + σL2
0)−1/2‖q‖+ ‖∇q‖L′ . The pair V × Q reduces to

H1
0 (Ω)d × L2(Ω)/R when ν > 0 and to H0(div,Ω)× H1(Ω)/R when

ν = 0. On V × Q we define

|||[v , q]|||2 := ‖v‖2L + σL2
0‖∇ · v‖2 +

1
ν + σL2

0
‖q‖2 + ‖∇q‖2L′ .

which is the finest norm in which the problem is well posed.
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A single FEA for three problems Stokes-Darcy’s problem

Main result

Theorem (Stability of the continuous problem)

There exists a constant C such that for all [u, p] ∈ V × Q there exists
[v , q] ∈ VL × L2(Ω) for which

B([u, p], [v , q]) ≥ C |||[u, p]||| ‖[v , q]‖VL×L2(Ω),

1 The working norm is optimal. Observe that

|||[v , q]|||2 = ν‖∇u‖2 + 1
ν
‖p‖2 + 1

ν
‖∇p‖2−1 when σ = 0,

|||[v , q]|||2 = σ‖u‖2 + σL2
0‖∇ · u‖2 +

1
σL2

0
‖p‖2 + 1

σ
‖∇p‖2 when ν = 0.

2 Stability in |||·||| will be obtained provided the data are regular enough.
If the data are less regular, stability for [u, p] can be proved in norms
weaker than |||·|||.
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A single FEA for three problems Stokes-Darcy’s problem

Stabilised finite element methods

Let Vh and Qh be the finite element spaces to approximate the velocity and
the pressure, respectively. The two methods to be analyzed can be written
as follows: find [uh, ph] ∈ Vh × Qh such that

Bs([uh, ph], [vh, qh]) = Ls([vh, qh]),

for all [vh, qh] ∈ Vh × Qh.
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A single FEA for three problems Stokes-Darcy’s problem

Algebraic subgrid scale (ASGS) method

The forms Bs and Ls are given by:

Bs([uh, ph], [vh, qh]) = B([uh, ph], [vh, qh])

+τp
∑
K

〈∇ · uh,∇ · vh〉K

+τu
∑
K

〈−ν∆uh + σuh +∇ph, ν∆vh − σvh +∇qh〉K

+τf
∑
E

〈 [[ nph − ν∂nuh ]] , [[ nqh + ν∂nvh ]] 〉E ,

Ls([vh, qh]) = L([vh, qh])

+τp
∑
K

〈g ,∇ · vh〉K

+τu
∑
K

〈f , ν∆vh − σvh +∇qh〉K ,
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Stabilisation parameters

We compute them as

τp = c1ν + cp2 σ`
2
p,

τu = (c1ν + cu2 σ`
2
u)−1h2,

τf = (c1ν + cu2 σ`
2
u)−1h,

with c1, c
p
2 and cu2 algorithmic constants.

The length scales `u and `p, which can be either taken as L0, h or
(L0h)1/2, appear when introducing scaling coefficients µu and µp such that
µu|f |2 + µp|g |2 is dimensionally consistent.
Using the approximate Fourier analysis, the stabilisation parameters are
found, now depending on µu and µp. In turn, these scaling coefficients
depend on a length scale of the problem that may be taken as L0 or h.
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Orthogonal sub-grid scale stabilisation (OSGS) method

The bilinear form Bs and the linear form Ls in the OSGS method are given
by

Bs([uh, ph], [vh, qh]) = B([uh, ph], [vh, qh])

+τp
∑
K

〈
P⊥(∇ · uh),P⊥(∇ · vh)

〉
K

+τu
∑
K

〈
P⊥(−ν∆uh +∇ph),P⊥(ν∆vh +∇qh)

〉
K

+τf
∑
E

〈 [[ nph − ν∂nuh ]] , [[ nqh + ν∂nvh ]] 〉E ,

Ls([vh, qh]) = L([vh, qh]).

The stabilisation parameters are the same as for the ASGS method.
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Working norm and error function

Let us define the mesh dependent norm

|||[vh, qh]|||2h = ‖vh‖2L + σ`2p‖∇ · vh‖2 +
1

ν + σL2
0
‖qh‖2

+
h2

ν + σ`2u

∑
K

‖∇qh‖2K +
h

ν + σ`2u

∑
E

‖ [[ nqh ]]‖2E

We also define

E (h)2 = (ν + σ`2p)(h−2ε20(u) + ε21(u)) + σε20(u)

+
h2

ν + σ`2u
(h−2ε20(p) + ε21(p)).

It can be proved that these are the norm and error function of the
methods to be analyzed (εi (v) is the interpolation error of function v in
the norm of H i (Ω)).
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Analysis I

Theorem (Stability)

Suppose that the constants c1 and cu2 are large enough. Then, there exists
a constant C such that

∀[uh, ph]∃[vh, qh] |
Bs([uh, ph], [vh, qh]) ≥ C |||[uh, ph]|||h|||[vh, qh]|||h,

Let us compare the working norms of the continuous and the discrete
problems, for simplicity in the case of continuous pressure interpolations:

|||[v , q]|||2 = ‖v‖2L + σL2
0‖∇ · v‖2 +

1
ν + σL2

0
‖q‖2 + ‖∇q‖2L′ ,

|||[vh, qh]|||2h = ‖vh‖2L + σ`2p‖∇ · vh‖2 +
1

ν + σL2
0
‖qh‖2 +

h2

ν + σ`2u
‖∇qh‖2.
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Analysis II

Theorem (Convergence)

Let [u, p] be the solution of the continuous problem and [uh, ph] the
solution of the discrete one. Suppose that `p ≥ `u and the assumptions of
the previous theorem hold. Then

|||[u − uh, p − ph]|||h . E (h)
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Accuracy of the stabilised formulations for Darcy’s problem

Method A B C
`p , `u = h, h L0

1/2h1/2, L0
1/2h1/2 L0, L0

‖eu‖ hk+1 + hl hk+1/2 + hl+1/2 hk + hl+1

Original Suboptimal Quasi-optimal Suboptimal

‖eu‖ hk+1 + hl hk+1 + hl+1 hk + hl+1

Via duality Suboptimal Optimal Suboptimal

‖ep‖ hk+1 + hl hk+1/2 + hl+1/2 hk + hl+1

Original Suboptimal Quasi-optimal Suboptimal

‖ep‖ hk+2 + hl+1 hk+1 + hl+1 hk + hl+1

Via duality Optimal Optimal Suboptimal

‖∇ · eu‖ hk + hl−1 hk + hl hk + hl+1

Suboptimal Optimal Optimal

‖∇ep‖ hk+1 + hl hk + hl hk−1 + hl

Optimal Optimal Suboptimal

k, l Optimal k + 1 = l k = l k = l + 1

k, l : Velocity and pressure interpolation order.
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Maxwell’s BVP

Original problem: minimise the functional

E(v) =

∫
Ω

(
λ

2
|∇ × v |2 − 2v · f

)
,

with the constraint ∇ · v = 0 and n × v = 0 on ∂Ω, with ∇ · f = 0.
Augmented BVP: find [u, p] such that (sign of p changed)

λ∇× (∇× u)−∇p = f , in Ω,

∇ · u = 0, in Ω,

n × u = 0, on ∂Ω,

p = 0, on ∂Ω.

R. Codina (UPC) Mixed Stabilised FEMs 73 / 100



A single FEA for three problems Maxwell’s problem

curl and curl-div formulations

curl formulation: find u ∈ H0(curl) and p ∈ H1
0 (Ω) such that

(λ∇× u,∇× v)− (∇p, v) = (f , v) , ∀v ∈ H0(curl),

(∇q,u) = 0, ∀q ∈ H1
0 (Ω).

curl-div formulation I: find u ∈ H0(curl) ∩ H(div) and p ∈ L2(Ω)/R such
that

(λ∇× u,∇× v) + (p,∇ · v) = (f , v) , ∀v ∈ H0(curl) ∩ H(div),

− (q,∇ · u) = 0, ∀q ∈ L2(Ω).

In any case, p = 0.
curl-div formulation II:

(λ∇× u,∇× v) + (λ∇ · u,∇ · v) = (f , v) , ∀v ∈ H0(curl) ∩ H(div).
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Notation

Consider:

a(u, v) = (λ∇× u,∇× u) , b(v , p) = − (∇p, v) ,

B(u, p; v , q) = a(u, v) + b(v , p)− b(u, q).

Let V = H0(curl) and Q = H1
0 (Ω)/R, with norms:

‖v‖V := ‖v‖H(curl) =
1
L0
‖v‖+ ‖∇ × v‖,

‖q‖Q := ‖q‖H1
0 (Ω) =

1
L0
‖q‖+ ‖∇q‖,

where L0 = L0(Ω) is a length scale. The norm associated to the product
space V × Q is denoted by

|||v , q||| = λ
1
2 ‖v‖V + L0λ

− 1
2 ‖q‖Q .
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Stability

Theorem
The following inf-sup condition is satisfied,

inf
[u,p]∈V×Q

sup
[v ,q]∈V×Q

B(u, p; v , q)

|||u, p||||||v , q|||
≥ β > 0.

This guarantees well-posedness of the continuous problem.
The solution satisfies ∇ · u = 0, but there is no control on ‖∇ · u‖.
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Galerkin approximation: curl-div formulation

Nodal finite element spaces:

Nk(Ω) =
{
vh ∈ C0(Ω) such that vh|K ∈ Pk(K ) ∀K ∈ Th

}
.

Discrete curl-div formulation: find uh ∈ Xh such that

(λ∇× uh,∇× vh) + (λ∇ · uh,∇ · vh) = (f , vh), ∀vh ∈ Xh,

where Xh is a H1-conforming finite element space.

R. Codina (UPC) Mixed Stabilised FEMs 77 / 100



A single FEA for three problems Maxwell’s problem

The corner paradox

Lemma

If Ω is not convex, V ∩ H1(Ω)d is a closed proper subspace of V ∩ H(div).

Corollary
If Ω is not convex

lim
h→0
‖u − uh‖V∩H(div) 6= 0,

in general.
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Approximability problem?

Key fact:

If uh ∈ H1(Ω)d ⇒ ‖∇uh‖ . ‖∇ × uh‖+ ‖∇ · uh‖ (7)

Wrong conclusion:
H1 conforming FE spaces cannot approximate V .

Correct conclusion:
If ‖∇ · uh‖ is uniformly bounded, H1 conforming FE spaces cannot

approximate V .
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Discrete problem: curl formulation

Mixed formulation:

a(uh, vh) + b(vh, ph) = (f , vh) , ∀vh ∈ Vh,

−b(uh, qh) = 0, ∀qh ∈ Qh.

Inf-sup condition:

inf
[uh,ph]∈Vh×Qh

sup
[vh,qh]∈Vh×Qh

B(uh, ph; vh, qh)

|||uh, ph||||||vh, qh|||
≥ βd > 0.

Compatible pairs:
Vh constructed using Nédélec’s elements.
Qh constructed using a nodal interpolation.
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A novel augmented formulation

Equivalent problem:

λ∇×∇× u −∇p = f ,

−∇ · u−L0
2

λ
∆p = 0,

in Ω, satisfying n × u = 0 and p = 0 on ∂Ω.
Weak form:

a(u, v) + b(v , p) = (f , v) , ∀v ∈ V ,

−b(u, q) + sp(p, q) = 0, ∀q ∈ Q,

where

sp(p, q) =
L0

2

λ

∫
Ω
∇p · ∇q.
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Stabilised finite element approximation

New formulation:

a(uh, vh) + b(vh, ph) + su(uh, vh) = (f , vh) , ∀vh ∈ Vh,

−b(uh, qh) + sp(ph, qh) = 0, ∀qh ∈ Qh,

where the stabilisation term reads

su(uh, vh) =
∑
K∈Th

cuλ

∫
K

h2
K

L0
2∇ · uh∇ · vh

This formulation can also be obtained using the VMS framework with an
appropriate scaling of the equations for the subscales and a closed form
approximation based on a Fourier analysis.
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Stability I

Bilinear form:

Bs(uh, ph; vh, qh) = B(uh, ph; vh, qh) + su(uh, vh) + sp(ph, qh)

Mesh-dependent norm:

|||vh, qh|||h = λ
1
2 ‖∇ × vh‖+ λ

1
2

∑
K∈Th

h2
K

L0
2 ‖∇ · uh‖2K

 1
2

+
L0

λ
1
2
‖∇ph‖.

Lemma (Stability in the mesh dependent norm)

The bilinear form Bs : Vh × Qh × Vh × Qh → R is coercive with respect to
the mesh-dependent norm.
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Stability II

Lemma (Norm equivalence)

The solution [wh, αh] ∈ Vh × Qh of the discrete problem

Bs(wh, αh; vh, qh) = 〈f , vh〉+ 〈g , qh〉, ∀(vh, qh) ∈ Vh × Qh,

for f ∈ V ′ and g ∈ Q ′, satisfies:

|||wh, αh|||h . |||wh, αh||| . |||wh, αh|||h + ‖g‖Q′ .

Corollary (Natural stability)

The solution [uh, ph] of the problem satisfies

|||uh, ph||| . ‖f ‖.
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Convergence I

Corollary (Natural continuity)

The stabilised bilinear form Bs : Vh × Qh × Vh × Qh → R is continuous
with respect to the norm ||| · |||.

Error function:

Eh(u) := inf
[wh,rh]∈Vh×Qh

[
|||u −wh, p − rh|||

+ λ
1
2

(∑
K

hK

L0
2 ‖u −wh‖2L2(∂K)

) 1
2
]
.
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Convergence II

Theorem (Convergence)

The solution [uh, ph] of the discrete problem satisfies

|||uh − u, ph − p||| . Eh(u).

Interpolation estimates:

inf
wh∈Vh

‖v −wh‖Hs(ω) . ht−s‖v‖Ht(ω), 0 ≤ s ≤ t ≤ k + 1,

inf
rh∈Qh

‖q − rh‖Hs(ω) . ht−s‖q‖Ht(ω), 0 ≤ s ≤ t ≤ l + 1,

for any bounded set ω ⊂ Ω.
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Convergence III

Corollary (Convergence to smooth solutions)

If u ∈ H r (Ω)d , with r ≥ 1, the solution [uh, ph] satisfies:

|||u − uh, p − ph||| . λ
1
2 ht−1‖u‖Ht(Ω), t := min{r , k + 1}.

Lemma (Decomposition of singular solutions)

The solution u ∈ V ∩ H(div) of the problem can be decomposed into a
regular part and a singular part as follows:

u = u0 +∇ϕ,

where u0 ∈ H1+r (Ω)d ∩ H0(curl), ϕ ∈ H1
0 (Ω) ∩ H1+r (Ω) for some real

number r > 1
2 .
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Convergence IV

Assumption on the finite element mesh: There exists a finite element space
Gh defined over Th such that, for any φh ∈ Gh, ∇φh ∈ Vh. Furthermore,
this space satisfies

inf
φh∈Gh

‖φ− φh‖Hs(ω) . ht−s‖φ‖Ht(ω)

for φ ∈ Ht(ω) and 0 ≤ s ≤ t ≤ 1 + k .

Corollary (Convergence to singular solutions)

Under the previous assumption, the solution [uh, ph] of the discrete
problem satisfies

|||u − uh, p − ph||| . λ
1
2 ht‖u0‖H1+t(Ω) +

λ
1
2

L0
1−ε h

t−ε‖ϕ‖H1+t(Ω),

for any ε ∈]0, t − 1/2[ and for t = min{r , k}.
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Darcy flow I

We consider a problem in the unit square with analytical solution:

u = (−2π cos(2πx) sin(2πy),−2π sin(2πx) cos(2πy))

p = sin(2πx) sin(2πy)

Method A B C
`p, `u = h, h L0

1/2h1/2, L0
1/2h1/2 L0, L0

‖eu‖ 1.92 (1) 2.05 (2) 1.97 (1)
‖ep‖ 1.93 (2) 2.20 (2) 2.04 (1)
‖∇ · eu‖ 1.30 (-) 1.43 (1) 1.43 (1)
‖∇ep‖ 1.99 (1) 1.70 (1) 0.58 (-)

Table: Experimental convergence rates for the stabilised method according to the
choice of the length scale in the stabilisation parameters when ν = 0. The P1-P1
pair.
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Darcy flow II

Method A B C
`p, `u = h, h L0

1/2h1/2, L0
1/2h1/2 L0, L0

‖eu‖ -0.03 (-) 0.86 (1) 1.90 (1)
‖ep‖ -0.04 (-) 0.96 (1) 1.84 (1)
‖∇ · eu‖ -0.42 (-) 0.55 (-) 1.56 (1)

Table: Experimental convergence rates for the stabilised method according to the
choice of the length scale in the stabilisation parameters when ν = 0. Piecewise
constant pressures.
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Stokes flow I

We consider a problem in the unit square with analytical solution:

u = (2π sin(2πx) cos(2πy),−2π cos(2πx) cos(2πy))

p = cos(2πx) cos(2πy)− 1

Method ASGS OSGS

‖eu‖ 1.91 (2) 2.00 (2)
‖ep‖ 1.67 (1) 1.99 (1)
‖∇ · eu‖ 1.63 (1) 1.48 (1)
‖∇ep‖ 0.55 (-) 0.58 (-)

Table: Experimental convergence rates for the OSGS and ASGS methods when
σ = 0. The P1-P1 pair.
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Stokes flow II

Method ASGS OSGS

‖eu‖ 1.98 (2) 1.98 (2)
‖ep‖ 1.45 (1) 1.42 (1)
‖∇ · eu‖ 1.43 (1) 1.31 (1)

Table: Experimental convergence rates for the OSGS and ASGS methods when
σ = 0. Piecewise constant pressures.
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Maxwell’s problem I

We take the datum f such that the solution in polar coordinates (r , θ) is:

u = ∇
(
r

2n
3 sin

2nθ
3

)
in the nonconvex domain Ω ≡ [−1, 1]2 \ [0, 1]2. We have that
u ∈ H

2n
3 −ε(Ω), for any ε > 0.
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Maxwell’s problem II
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Maxwell’s problem III

Instead of stabilising the (augmented) curl-formulation, one could stabilise
the mixed curl-div formulation, leading to:

a(uh, vh) + b(vh, ph) + (cuλ∇ · uh,∇ · vh) = (f , vh) ,

−b(uh, qh) +
∑
K∈Th

∫
K

h2
K

λ
∇ph · ∇qh = 0,

This formulation should not be able to approximate solutions u 6∈ H1(Ω)d .
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Maxwell’s problem IV: ux -velocity
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Maxwell’s problem V: uy -velocity
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Conclusions I: Stokes-Darcy’s problem

A unified framework for the Stokes-Darcy problem.
Two families of stabilised finite element methods which are optimally
stable and convergent.
A design of the stabilisation parameters which, according to the choice
of a length scale, yield methods with different properties in the case of
Darcy’s problem:

Method A: Classical stabilised finite element method. Optimal only
when the problem is viewed as a mixed Poisson’s problem.
Method B: Optimal for k = l .
Method C: Optimal if k = l + 1, which would correspond to inf-sup
stable elements for the Stokes problem.

In any case, arbitrary u-p interpolations can be used (conforming, in
the formulation presented here).
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Conclusions II: Maxwell’s problem

Main ingredients of the numerical method:
Use of a mixed formulation to avoid spurious control on ‖∇ · uh‖.
Augmented formulation to control ‖∇ph‖.
stabilising terms to control h‖∇ · uh‖ and thus the whole
H(curl)-norm.

Main properties:
Stability in natural norms.
Optimal convergence for smooth solutions.
Excellent convergence to a singular solution in a test case.
Arbitrary (conforming) u-p interpolations can be used (including nodal
interpolations).
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Conclusions III: general remarks

The difficulty of a unified framework for the Stokes-Maxwell-Darcy
problem relies on the different functional setting for p (p ∈ L2(Ω) for
the Stokes and the Darcy problems, p ∈ H1(Ω) for the Maxwell
problem).
In all cases, the stabilised formulations can be based on the VMS
formulation with:

A proper scaling of the problem, which requires the introduction of L0.
A closed form expression for the subscales based on an approximate
Fourier analysis.

The methods analyzed fit in the objective of making the numerical
formulation independent of the finite element interpolation.
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