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. Review of DG methods: IPM & LDG

HDG formulation
Accuracy and computational cost

HDGlab: implementation aspects

HDG for mechanical problems

HDG with convection stabilisation via Riemann solvers
HDG with exact geometry and degree adaptivity

From HDG (high-order) to FCFV (low-order)

Some ongoing research lines
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Implementation
aspects of HDG
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1 B > |
AUGIab

« Open-source educational Matlab implementation of the
hybridisable discontinuous Galerkin (HDG) method.

« Repository: https://git.lacan.upc.edu/hybridLab/HDGlab

Features [Giacomini, Sevilla, Huerta. HDGlab. ACME, 2021]
1.Scalar (Poisson) and vectorial (Stokes) elliptic problems.

2.High-order polynomial approximations up to degree 9
(equally-spaced and Fekete nodal distributions).

3.Support of curved isoparametric simplicial elements
(seamless in 2D and 3D).

4.Support of non-uniform degree polynomial approximations.
| 5.Interface with Gmsh mesh generator.
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Degrees of freedom and functional approximation

Primal variable (solution):
nen
ut = ZN,-ui,
i=1

Mixed variable (gradient):

nen
q" = zNiqi’
i=1
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3 Hybrid variable (trace):
5 ey

3 o YA

: u'= ) Nj,

: i=1
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3

= Den : Number of nodes per element D¢y : Number of nodes per face
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Degrees of freedom and functional approximation

Local degrees of freedom
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The HDG discrete system: local problem

Linear system from the local problem:
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The HDG discrete system: global problem

Linear system from the global problem'

nf{AZuAT]{g}HA i), e}—Z[f Ka = f,

P < f

The matrix and the vector are assembled {u} ={zf} N l ,
starting from the elemental contributions '4/J. zJ, 1 Zal, "

U

NN
g
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N
\ﬁ,_a
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Z . re .
K| : [Auu e [Z::] + [Agales £ 1= [fﬁ]e B [Azﬁ Agﬁ e{
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Local element-by-element postprocess
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HDGpoisson.m:

. disp('HDG solution...")

- [uHat, locall = hdg_Poisson_GlobalSystem(mesh, refElem, refFace,hdg,ctt,problemParams);
[u,ql hdg_Poisson_LocalProblem(mesh, refElem, refFace,hdg,uHat, local,ctt.n0OfComponents);
uStar hdg_Poisson_LocalPostprocess(mesh,refElem,u,q,problemParams,ctt.nOfComponents);A

Steps:

1.Compute and assembly the block matrices for the local
and global problems.

2.Solve the global problem.
3.Solve element-by-element the local problems.
4.Compute the postprocessed solution.
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otep 1a: Compute

8,
>

HDG_Poisson_GlobalSystem.m:

[% Elemental matrices (from faces to elements)

que,ZuleIzqfe,zufeLKe,fe] = hdg_Poisson_ElementalMatrices(refElem, refFace,Xe,pElem,...
matElem, hdg.tau, faceInfo,ctt,problemParams);
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For each element in the mesh, compute the blocks related to

the local problems:
{zi}. AA]{f}
Z [ T |AL A £, [
OAEr
e q 7 e qu e Zuﬁ
Z, |, _ATA
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o

HDG_Poisson_GlobalSystem.m:

[9 Elemental matrices (from faces to elements)

[Zqle,Zule, zqfe,zufe,Ke|, fel = hdg_Poisson_ElementalMatrices(refElem, refFace,Xe,pElem,...
matElem, hdg.tau, faceInfo,ctt,problemParams);

For each element in the mesh, compute its contribution to the
global problem:

Ke :=[AL A;’]l%] + [Az].s Contributions of an
g de element to the matrix
and vector of the
] { } global problem

uu

f :=[f,], - [AL AT
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step 1¢: Assembly the giobal probiem

HDG Poisson GlobalSystem.m:

% Assembly
[1ndexGlobalFace, n0OfFaceDOF] = dgElemToFaceInde mesh. indexTf, refFace, hdg. faceInfo(lElem)

n0fFaceDOF2 = nOfFaceDOF*2;

currentIndex = indexIni + (1:nOfFaceDOF);

currentIndex2 = indexIni + (1:nOfFaceDOF2);

for i=1:n0fFaceDOF
mat.i(currentIndex) = indexGlobalFace(i);
mat.j(currentIndex) = indexGlobalFace;
currentIndex = currentIndex + nOfFaceDOF;

end

mat.Kij(currentIndex2) = reshape(Ke',1,n0fFaceD0F2);
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% RHS
f(indexGlobalFace) = f(indexGlobalFace) + fe;

Key aspect: exploit the relationship between local (element-
based) and global (face-based) degrees of freedom
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Step £: Soive the global probiem
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HDG_Poisson_GlobalSystem.m:

% Solution

uhat = zeros(hdg.nDOFglobalxctt.nOfComponents,1);

uhat(hdg.vDOFtoSolve) = K(hdg.vDOFtoSolve,hdg.vDOFtoSolve)\f(hdg.vDOFtoSolve);

Solve the system of the globally-coupled degrees of freedom
(variables on the internal + Neumann faces)

Kia=f
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p 3: Solve the local

-~
Ster
— o

HDG_Poisson_LocalProblem.m:

local(iElem) JZuluHat[indexGlobalFace) + local(iElem).zuf;
local(iElem) {ZgqlHuHat[ indexGlobalFace) + local(iElem).zqf;

u z, Z,
{q}f{Z’; }e+ ’an]e .
For each mesh element, compute the primal and mixed variable
inside the element, using:
1.the previously assembled matrices;

2 the solution of the global problem;
3.the previously assembled vectors.
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u(indexUIni:indexUEnd)
q(indexQIni:indexQEnd)

: I o LAECER
IPULe e POSIProcesse

HDG_Poisson_LocalPostprocess.m:

Tke Bqe, 1ntUStar intU] = hdg_Poisson LocalPostprocessElemMat(refElem(pElemStar5
XeStar,ug,qg, kappa);

% Co raint with Lagrange multipliers
K= | intUStar; intUStar' 0];
f = [Bge; intU];

For each element in the mesh, compute the postprocessed
primal variable solving

o RO KR R E4Y
a*/l 0 e A e a*i 0 e I:sdq e
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HDG formulation
for mechanical problems
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Cauchy stress vs. velocity-pressure formulation

+| Cauchy stress tensor formulation: |Velocity-pressure formulation:
-V -0 = in O
N ‘U = 11
T N V-u=0 inQ,
< o= —pl,, +20V| in Q,
u=wuponl'p,
U = Uup onlI'p
. - 7 o
with v%.:=1 (v + V") not" the same

of course
V:-w(Vu+Vu") =V @Vu)+Vy(V-u) =V (vVu)

BUT n-o =n-(vVu-pl,,) +n-(vVu')

M. Giacomini - XXII Spanish-French School Jacques-Louis Lions - Paris (France) - January 12-14, 2026 - 20




A simple aiternative
[Cockburn, Nguyen, Peraire, J. Sci. Comput. (2010)]

L—Vu=0
then
(2vViu —pl,) = (v(L+ L") — pL,,,)
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IssUES: [Cockburn, Nguyen, Peraire. JSC 2010]
For low-order polynomials (k=1 & 2), HDG experiences:

» Loss of optimal convergence of L.

* Loss of superconvergence of usc.
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M. Giacomini - XXII Spanish-French School Jacques-Louis Lions - Paris (France) - January 12-14, 2026 - 21

Another mixed variable
- Define the mixed variable as(L € H(div, SD
( (L—|—\/5Vsu:0) in Q., and for e = 1,...,n,
V-(—I— pL,) +V-(u®@u)=s inQ and fore=1,...,ne,

V-u=0 in Q. and fore=1,...,n4,
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$ u=up onlp,

n(2vDH+ pL,) + (u®u)n = —t on Ty,

[u@n]=0 onT,
[ [n(V2vLHpl,,) + (u®u)n]=0 onl,

where #H(div,S)is the space of square integrable symmetric
| tensors S of order ngg with square integrable row-wise divergence.
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HDG with strongly-imposed symmetry of L
i L + D1/2Vsu =0 in s, New definition of
T (= 1/2 . mixed variable:
Vs (D/°L+Ep)=s in {2,
1. Strong and pointwise

T .
E°Vsu=0  in {2, imposiionofsymmetry
u =wup on I'p|2.Physical tractions

NT(DI/ZL +Ep)=—t only 3.Lower ndof for I
4. Optimal convergence
[u®@n] =0 on I,

5.Superconvergent
. [[NT(D1/2L +Ep)]=0 on [, \velocity J
[Giacomini, Karkoulias, Sevilla, Huerta. J. Sci. Comput. (2018)]
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Robustness to element type

(a) Hexahedral mesh (b) Tetrahedral mesh (c) Prismatic mesh  (d) Pyramidal mesh

[Giacomini, Karkoulias, Sevilla, Huerta, J. Sci. Comput. (2018)] - Stokes
| [Sevilla, Giacomini, Karkoulias, Huerta, IINME (2018)] - Elasticity

M. Giacomini - XXII Spanish-French School Jacques-Louis Lions - Paris (France) - January 12-14, 2026 - 24

( 3 ) LABORATORI DE CALCUL NUMERIC UNIVERSITAT POLITECNICA DE CATALUNYA @




@
<
>
z
2
&
o
ww
o
<
Q
Z
(6]
Al
=
?
g
=
[77]
o
w
=
z
poo ]

[Giacomini, Karkoulias,
Sevilla, Huerta, J. Sci.
Comput. (2018)] - Stokes
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[Sevilla, Giacomini,
&l Karkoulias, Huerta, IJNME
(2018)] - Elasticity
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[Giacomini, Karkoulias,
Sevilla, Huerta, J. Sci.
Comput. (2018)] - Stokes
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[Sevilla, Giacomini,
Karkoulias, Huerta, IINME
(2018)] - Elasticity
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Weakly compressibie riuid-structure interaction
- Weakly compreSS|bIe formulation alleviates the constraints of

the instability condition of the artificial added mass effect, e.g.
[van Brummelen. JAM (2009)] [La Spina, Forster, Kronbichler, Wall. IINMF (2020)]

HDG nicely suited for this problem: LBB, high-order, coupling...
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\%& =0

5 T Volov) =
. Opv
| 22+ Vv vtpl,,) - Vol = pb
| p(p) =0
| with oi="¢c? and =2V (V)L
: He J
E [La Spina, Giacomini, Huerta, Comput. Mech. (2020)]

[La Spina, Kronbichler, Giacomini, Wall, Huerta, CMAME (2020)]
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interaction

hybrid variables at interface
*—o—0—0—0—90

P

Weakly compressibie riuid-structur
@ primal & mixed
m hybrid variables

Fluid-HDG

Structure-CG

e
@

@
*—o—0—090—©
L
4

Idea: use the hybrid variable from the fluid domain to impose the Dirichlet
condition for the structure at the interface using Nitsche’s method
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Weakly compressible fluid-structure interaction

[La Spina, Kronbichler, Giacomini, Wall, Huerta. CMAME 2020]

- Weakly compressible fluid at Re=5 (HDG)
- Wall of Neo-Hookean material (CG with Nitsche’s method)
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The displacement |
of the wall v
(Dirichlet BC for
the structure) is

o
B
=
2
3 - ol
3 obtained from the "
3 motion of the o
= fluid, which is -02?‘ o ]
g computed on a 04> “EZ - : +
. 0.2 5 LR AR L SR LU ° 0 0
5 different nodal , e R I I
g ol ¥ . 20 0.4 : : i o
distribution. 03" B oo v e em et 0 f e e
Fol ‘ 92 G B A E 4T e
= 0 Fluid: HDG Structure: CG

04
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Weakly compressible fluid-structure interaction

[La Spina, Kronbichler, Giacomini, Wall, Huerta. CMAME 2020]
- Displacement of the tip of the wall
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0.15 .
@ Robust for weak

0.10 | R compressibility effects.
) y @ Stable in the
£ ) incompressible limit.
: 0.05 —e— Incompressible |1 |9 No need for pressure
z —8—er = 0.001 i
3 oy =001 stabilisation.
E er=20.1
5 0.00 &= : : :
3 0 2 4 6 8 10
= ;
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Laminated composite beam

[La Spina, Giacomini, Huerta. Comput. Mech. 2020]

- Laminated beam featuring a compressible
material (red) and a nearly incompressible
one (blue).

- HDG discretisation in the nearly
incompressible material and CG with
Nitsche’s method in the compressible one.

Components of the displacement field

-0.1

... Vertical displacement
along the beam length |

-a-CG

| —e=1IDG
== CG-HDG; coarse mesh
055 e CG-HDGy, fine mesh
—— Reference :
0.6
0 1 2 3 4 5 6 7T 8 9 1C
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HDG with convection
stabilisation inspired by
Riemann solvers
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using
ol mixed variables

1
R e:=2(Vut+(Vu)")-1(V-u)I
“oe \(%8u +@/Pre)? ¢ =V
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HUG Tor compressibie Navier-Stokes

271 1.- The local problem: at each element solve

/Q (%—lj +V(F ~G))-Vd2 =0

4127275 + Dirichlet boundary conditions: hybrid variables U
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HDG for compressibile Navier-Stokes
1721~ The local problem: at each element solve

NZSHON / U,V — (F—G):VV Q)+ / (F — G)n-Vdr
&4 0.
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+ Dirichlet boundary conditions: hybrid variables U

2.- The global problem solves for hybrid variables U enforcing:
2.1.- continuity of numerical fluxes along the interior skeleton
2.2.- boundary conditions

( §) LABORATORI DE CALCUL NUMERIC

[Vila-Pérez, Giacomini, Sevilla, Huerta, Arch. Comput. Meth. Eng.(2021)]
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HUDG numerical riluxes

/ U,V — G):VVdQ + / (F — G)n-vVdl
0

= Exploit thel hybrid variable to evaluate the physical fluxes|
=»Encapsulate theRiemann solver in the stabilisation parameter]

m = F(ﬁ)n +m(Ue — ﬁ) and
GW.. &, ¢n =GO, ¢ e,¢e)ve -0

[Td — Re~! diag (0, 1o, [(y - l)MgoPr]_l)]

[Vila-Pérez, Giacomini, Sevilla, Huerta, Arch. Comput. Meth. Eng.(2021)]
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Robust treatment of convection
F(Un __

FUon := F(O)n +@)(U. - U) —

Riemann solvers-inspired stabilisation

Lax-Friedrichs: F(U)n = Fn + Amax(Ue — U)

Roe: F(U)n = F(@)n + |A,(@)|(U, — U)
Jacobian of the convective
Intermediate state: TR U-+U; flux in the normal direction
" . 2 A,(U) :=[0FU)/3U]
A max: Max eigenvalue of A,
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[Vila-Pérez, Giacomini, Sevilla, Huerta, Arch. Comput. Meth. Eng.(2021)]
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Robust treatment of con\fction

F(Un _

F(U)n := FO)n +z*@)(U, - D) &

Riemann solvers-inspired stabilisation \

HLL: FU)n = F@)n + [s+Tn,0s2] U, — D)
HLLEM: F{U)n = F@)n +[sT0O0)] . - D)

=

ST N
Intermediate state: E]:s U +s Uej
st 45—

s*: largest wave speed
[Vila-Pérez, Giacomini, Sevilla, Huerta, Arch. Comput. Meth. Eng.(2021)]
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Robust treatment of con\fction

@

§ Riemann solvers-inspired stabilisation /mf)"A

o HLL: FUon = F@)n + [s'Tn002] W ~0) | g>/ |
THLLEM:  F@on = FOm+ [s0@)] W -0) | / Ut |
: HLL ‘" Positivity-preserving HLLEM “ Positivity-preserving

S+

X % X

[Vila-Pérez, Giacomini, Sevilla, Huerta, Arch. Comput. Meth. Eng.(2021)]
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Supersonic inviscid flow over a NACA 0012 aerofoil

Setup: M, = 1.5, HLL Riemann solver, polynomial degree
also for geometry (high-order curved mesh)

Shock capturing [Persson & Peraire AIAAQG] :
discontinuity T
shock sensor with
Laplacian-based
artificial viscosity

UNIVERSITAT POLITECNICA DE CATALUNYA @

Positivity
preservation in
presence of shocks

[Vila-Pérez, Giacomini, Sevilla, Huerta, Arch. Comput. Meth. Eng.(2021)]
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Supersonic inviscid flow over a NACA 0012 aerofoil
Roe Riemann solver requires entropy-fix tuning

HLL Riemann solvér
[Vila-Pérez, Giacomini, Sevilla, Huerta, Arch. Comput. Meth. Eng.(2021)]
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@ » =} o » =)
4 Supersonic inviscid flow over a NACA 0012 aerofoil
2 HDG with HLL Riemann solver is robust and

avoids non-physical solutions without entropy fix

(E) ]. T T T

é N e T T TN e ——— ,L'_ =_-_-“ ________________________

‘E’ Or v /=< ;’A‘ ! \ ]
> \ [/ \ ! \ 1
E Y \ J \  [—HLLEM ;
: BB v V|- - HLL :
2 \/ \ |—-—-Roe (0 =0)

3 \ |=-—-Roe (6 =0.1)

: -2 \\ ........ Roe (§ = 0.25)

E | I \ |

2 0 5 10 15 20

= Time step

[Vila-Pérez, Giacomini, Sevilla, Huerta, Arch. Comput. Meth. Eng.(2021)] 1214, 2026 - 42



= Supersonic viscous flow over a compression corner

Supersonic viscous flow over a compression corner

Setup: M =3, Re=16 800, HLLEM Riemann solver, polynomial degree k=3

Shock capturing: dilatation-based shock sensor with artificial bulk viscosity
[Fernandez, Nguyen & Peraire AIAA (2018)] P
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Many interacting , W -

ox - R
phenomena! | S | -
& === = - shear layer = 10

LE Engularity
Near the wall: shock wave/boundary layer interaction
[Vila-Pérez, Giacomini, Sevilla, Huerta. ACME, 2021]
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Supersonic viscous flow over a compression corner
[Vila-Pérez, Giacomini, Sevilla, Huerta. ACME, 2021]

A VA

AN
AN

Coarse isotropic mesh

—
not adapted to
capture shocks!

<
X

Y
7%l
VAV
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Supersonic viscous flow over a compression corner

-3
1.2 : g 10 :
o Carter (1972)
% Hung and MacCormack (1976)
1 i 6L Present study
0.8 -
3 al
=
8 L S~
L06 )
| 2l
S
04+
0+
026 o Carter (1972) ,
X % Hung and MacCormack (1976)
Present study
0 L

HDG with HLLEM is able to:
v accurately represent boundarK Iaxers
v preserve positivity in abrupt shocks
v handle shock wave/boundary layer interaction

1.5

[Vila-Pérez, Giacomini, Sevilla, Huerta. ACME, 202 1] ouis Lions - Paris (France) - January 12-14, 2026 - 45

High-fidelity HDG with
exact geometry and
degree adaptivity
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The importance of exact geometry representation

CATALUNYA @

Is this
feature
relevant
for the
simulation?
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The importance of exact geometry representation

Heat transfer Solid mechanics Electromagnetics / Acoustics
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- e - r ~ P -~ e -V al~Y a A = /

§ = Not easy to determine which kg _—

i features can be removed | 1

% = Manual de-featuring can take up ]jj Ty —
1 to 90% of the simulation time 1 o T
4= Dependent on the problem and e (557 e

2 parameters

: Case Vortex Shedding [Do, Chen, Tu,

1 99.8%C No P oal

| 99.6%C No

1 (99.4%C No)

g ©9.2%C Yes) Need for exact

1 99.0%C Yes ool

B 98.8%C Yes

M. Giacomini - XXII Spanish-French Sch

.y 5 .
,,,,, 2 P R(F alire on o avra s ane o pae o flos
¢ J IS Cl\G\G'\D J > J PACGGLE UOWWIIIGU Y

Isogeometric Analysis (IGA): Use thé same approkimation
(NURBS functions) for the geometry and the solution.

|IGA is suited for problems in which the domain basically
coincides with its boundary (e.g., thin shells).

[Hughes, Cottrell, Bazilevs. Wiley 2009]

NURBS-enhanced FEM (NEFEM): Use standard finite element
basis functions for the solution, while geometry is described
using NURBS.

NEFEM maintains the classical structure of FEM in terms of
flowchart of the code and resulting matrices.

(%) LABORATORI DE CALCUL NUMERIC  UNIVERSITAT POLITECNICA DE CATALUNYA @

[Sevilla, Fernandez-Méndez, Huerta. ACME 2011]
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NURBS-enhanced finite element method

. [Sevilla, Fernandez-Méndez, Huerta, IJNME 2008]
= Isoparametric FEM [Sevilla, Fernandez-Méndez, Huerta, ACME 2011]

CATALUNYA @

= |ntroduce a
new
reference
element

= Introduce a

Polynomials new
mapping

= Integrate a
new
integration
strategy

Jacobian of the mapping
can severely affect the

L
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= approximation properties

polynomial
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NEFEM: NURBS-enhanced finite element method
Only the boundary of the computational domain is described by
a CAD model.

Basis functions for approximation: polynomials, as in FEM.

Easy treatment of trimmed and degenerate NURBS surfaces
that are common in realistic geometric models.

Element size purely dictated by the user (the size required to
capture properly the physics) and not by the geometric complexity.
Formulation of your choice: continuous or discontinuous Galerkin. ..
Minimum changes in an existing solver: as “easy” (or not) as to
define a new element!

Exact geometry is feasible, without mesh refinement and/or
de-featuring
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= CHEAP and RELIABLE error estimate
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HDG superconvergent solution
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= Degree update in each element K
(inspired in [Remacle, Flaherty, Shepard, SIAM Rev. 2003])

Goal: uniform error distribution
Apyc = |logy(Ex/ex) |
= Degree update for faces
[Chen, Cockburn, IMANUM 2012]

pr =max{pg+,pg-}
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pundary representation and degree adaptivity
- To av0|d communication with the CAD during the adaptivity
procedure, the accuracy of the geometric description is
restricted by an initial choice
x 9 N Results in
‘ g ik subparametric

formulations

(Geometry
approximated
with lower order
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polynomials

than the

solution)
k=3,g=2 " | k=4,q=2 |'. [Sevilla, Huerta. J Sci Comput 2018]
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Initial linear geometry

I 1 -
! —a—[stimated Error
; 0.5+ = = = Desired Error |
1
- I - 0.5¢ 1

Stokes flow lteration 1
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max; {logio (|| E||r20,))}

A SN 1.
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= lteration 2 1 2 3 4 5 6

] - . Tterations
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lteration 3 [Sevilla, Huerta. J Sci Comput 2018] lteration 6
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e l=di\

Adaptivity - FEM & no communication with CAD

= Initial linear geometry
| .
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—a—Estimated Error 015
0.5 —e—Exact Error "

7D, - = = Desired Error
g 0 0.0

= 0.5 ) T T : —

] A linear approximation of the
a4 = -1 geometry is not good enough
H 2L 5 for high-order methods!

z p—

: I

»;(; ‘g "2 Iu:'.
uo" = e S ek 0.2
£ -2.5 ‘

= 0.15
g —3 0.1
g l : : ’ : 0.05
= [Sevilla, Huerta. J Sci Comput 2018] Iterations &
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Stokes flow

\.
X

lteration 3

max; {logio (|| £|72(0,)) }

Tterations

—a—[stimated Error
= = = Desired Error

[Sevilla, Huerta. J Sci Comput 2018] Iteration 6

Adaptivity - FEM & no communication with CAD

Initial piecewise cubic geometry (“overkill”)
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Adaptivity - FEM & no communication with CAD

- Initial piecewise cubic geometry (“overkill”)

1 T
—a—Estimated Error
0.5 —e—Exact Error
Sy - = =Desired Error
g 0- d
= 0.5}

max; {logo (|| E|
&

0]

0.02
0.01%
0.016

L 0.011
0012

0.0l

s 0.008

0,006
N0
f.ue2
o

[ |Even overkill approximation of
the geometry is not accurate

enough!

9|
oo ik it Gl i ke U6 Ko Gt . s 0.3
-3 . . :
1 2 3 4 H 6
[Sevilla, Huerta. J Sci Comput 2018] [terations

m
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0.010
0.014
0012
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01008
0,006
D00
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1
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Adaptivity - NEFEM & no communication with CAL
- The solution incorporates the EciuRy §
information of the exact geometry
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~ 1 i
2 N A
g}: —p—HEstimated Error i
E 0! —a—FExact Error | - ‘
- - - =Desired Error Reliable error estimator with
i exact geometry provided by
2 e NEFEM
= — . 3
% bo i!l" xlf]'
3 = i
i .
5 \
4 = -3 * * 1
3 1 2 3 4 5
B [Sevila, Huerta. J Sai Comput 2018] 1 terations Estimated error Exact error
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NEFEM and small geometry features
- Rounded corners control the strength of the electric field

UNIVERSITAT POLITECNICA DE CATALUNYA @

0.08 0.1
0.12
0.07 0.09
0.08
0.06 [ 0.1
0.07
0.05 10.06 10.08
10.04 10.05
10.06
10.03 -0
40.03 4 0.04
0.02
0.02
0.02

0.01 0.01

0 0

o
i
A
=
o
z
e |
3
<L
f3)
w
fa)
5
=
&
§
~
. NROw )
St

[Giacomini, Sevilla. SNAS 2019]
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(D) [Sevilla, Huerta, J. Sci. Comput. 2018] : -
[Sevilla, Comput. Struct. 2019] I'J D . ¥
[Giacomini, Sevilla, SN Appl. Sci. 2019]
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@ [Sevilla, Huerta, J. Sci. Comput. 2018] - =)@
[Sevilla, Comput. Struct. 2019] HDG + NURBS-enhanced rFreM

<

% [Giacomini, Sevilla, SN Appl. Sci. 2019]

8

=

5 0.12
g

2 0.1
-

£

&

% 10.08

- 006 { 2 “‘
0.04 [Sevilla, Fernandez-Méndez, Huerta, ACME 2011]

Mesh size independent
of geometric features

, |Adaptive degree to control accuracy
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= , F . ) = / =Y a f =-Yd =

—a—Estimated Error - Isoparametric

<
s ] = / - - J|\2 IN=> L
i
=\ Zoom of the corners:
2
| .08 .
) 33: P 1 & 012 9
a 0.06 008 0.1 .
a | 0.05 0.06 0.08 s
E ‘ 0.04 1 0.06 !
0.03 0.04
0.02 . g
.02
§ 0.01 . '“'”2 H
| 0 0 0
i}
z
=3

—o—Exact Error - [soparametric

¢ Of Estimated Error - NEFEM l
E : —A—lile.ut, Error - NEFEM
= el -1 - = = Desired Error
2 e [Giacomini, Sevilla.
: 5 2 1k SNAS 2019]
g ] NEFEM outperforms isoparametric
= elements (with CAD communication in each
3 ~4 . 92 4 4 5 & - s ¢ 1 |teration)and allows meshes with element
- Hasaiias size independent of geometric features
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% __‘;},‘%ﬁ;“it‘ Incompressible Navier-Stokes

g \§ ahny Re = 10,000

§ 4 a=2°

g [Giorgiani. PhD thesis (2013)]
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High-order: HDG contributions

=» High-fidelity (convergence of order k + 1 for all variables)
=» Accurate treatment of convection (Riemann solvers)
=» Exact treatment of geometry (NEFEM)

=» Reduced number of DOFs with respect to DG (hybridisation)
=» Robust in the incompressible limit (no pressure correction)
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[Giacomini, Karkoulias, Sevilla, Huerta, J Sci Comput 2018] - Stokes

[Sevilla, Giacomini, Karkoulias, Huerta, IINME 2018] - Elasticity

[Giacomini, Sevilla, Huerta, CISM 2020] - Tutorial NS

[La Spina, Giacomini, Huerta, Comput Mech 2020] - Coupling HDG/CG

[La Spina, Kronbichler, Giacomini, Wall, Huerta, CMAME 2020] - FSI
[Giacomini, Sevilla, Huerta, ACME 2021] - HDGIlab

[Vila-Pérez, Giacomini, Sevilla, Huerta, ACME 2021] - Compressible flow
[Piccardo, Giacomini, Huerta, JCP 2024] - Unfitted HDG with NURBS

| [Ellmenreich, Giacomini, Huerta, Lederer. JCP 2026] - Characteristic artificial BC
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From high to low order:

face-centred finite volume
(FCFV) method
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What if
the solution and its gradient
are approximated
: In each element using
piecewise constant functions?

i from HDG p—5 to Face-Centered F|n|te Volume p-O
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ow-order (HDG p=0): FCFV ¢ utions
=?»First- order convergence of stress/flux (without reconstructlon)

=» Accurate approximation of aerodynamic forces (not sensitive to
mesh distortion and stretching)

=» Robust in the incompressible limit (no pressure correction)
=» Non-oscillatory discontinuous approximations (no shock capturing)
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[Sevilla, Giacomini, Huerta, IINME 2018] - Face Centered FV (Poisson & Stokes)

[Sevilla, Giacomini, Huerta, Comput. Struct. 2019] - Elasticity

[Vieira, Giacomini, Sevilla, Huerta, CMAME 2020] - 2nd order for primal

[Giacomini, Sevilla, IINME 2020] - 2nd order on hybrid meshes

[Vila-Pérez, Giacomini, Sevilla, Huerta, Comput. Fluids 2022] - Compressible flow

[Vila-Pérez, Giacomini, Huerta, IINMHFF 2023] - Benchmarking wrt Fluent

[Vieira, Giacomini, Sevilla, Huerta, Comput. Fluids 2024] - Laminar & turbulent incompressible
[Giacomini, Cortellessa, Vieira, Sevilla, Huerta, [INME 2025] - Hybrid pressure FCFV

! [Cortellessa, Giacomini, Huerta, LNCSE 2025] - FCFV in OpenFOAM
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—

FCF/’OI/IJ ne

Stokes flow (analytical solution)

= First-order convergence of velocity,
gradient of velocity and pressure

= No need for flux reconstruction

No loss of accuracy due to Regular grlds Dlstorted gnds
cell distortion or stretchlng'

UNIVERSITAT POLITECNICA DE CATALUNYA @

| ~— () -e-Regular
-p-Distorted
wStretched

[Sevilla',3 -2 -1 0 -3 -2 -1 0 -3 -2 -1 0

Siacomini, logio(h) logio(h) logio(h)
) rt , . . »
vE201g  Velocity Gradient of velocity Pressure
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FCFV vs. OpenFOAM: incompressible cavity flow

GATALUNYA (8)

UNIVERSITAT POLITECNICA D

T
i
5
z
=
=
Q
e }
<
(3)
w
(a)]
T
o
=
<
i
O
o
<
-
—~
o

logio(|lellz2)

Benchmarking with SimpleFoam

Incompressible Navier-Stokes flow

Cavity flow
Re=100

05 v -z 05 A___A———A—T’ﬁ
PR g -
e: z= Lx
.zZ -
1 - =~ -1t - z ]
- = -
- ) ¥ FCFV i
- — -
6 =2 "o.o = e L. N
1 20 -
e e T e | OpenFOAM!
& o
- -
2 OpenFOAM - velocity |7 2 o - Z 1.0 OpenFOAM - velocity |7
OpenFOAM - pressure 1 OpenFOAM - pressure
FCFV - velocity FCFV - velocity
FCFV - pressure FCFV - pressure
-2.5 L L I I 2.5 L L L L L
-2.25 2 -1.75 -1.5 -1.25 -1 -0.75 -2.5 -2.25 -2 -1.75 -1.5 -1.25 -1
logio(h) logio(h)

[Cortellessa, Giacomini, Huerta, LNCSE 2025] \ch school Jacques-Louis Lions - Paris (France) - January 12-14, 2026 - 72



K
®

Benchmarking with SimpleFoam
Incompressible Navier-Stokes flow |

CATALUNYA

L

= = Cavity flow
&)
Z —
- Re=1000 P
5 0.5 _z° |
: ' &°
g P
= P
@ z”
S
3 BN P 1
= ot
= 4
5 O -1.5+ ,,’/ 1
= “ 1.4
2 e 4]
3 R
(%)
8 ol 5 — |
= penFOAM - velocity
o OpenFOAM - pressure
& FCFV - velocity
] FCFV - pressure
5 _25 1 1 1 I I
wow -2.5 -2.25 -2 -1.75 -1.5 -1.25 -1
= loglo(h)
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FCFV vs FLUENT: compressible Taylor-Couette

CATALUNYA

UNIVERSITAT POLITECNICA D

Distorted

/)

NP
R _
[Vila-Pérez, Giacomini, Huerta, IINMHFF 2023]
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(&) d
FCFV vs FLUENT: compressible Taylor-Couette
E , | velocity |[FCF\/ |temperature
! “Ev“Ez ”ET”CQ
-1 v/na1 || Error  Rate | Error  Rate
16 1.24e-01 = 4.96e-02 =

32 5.74e-02 1.18 | 2.35e-02 1.14
64 2.81e-02 1.06 | 1.14e-02 1.07
128 || 1.39e-02 1.03 | 5.49e-03 1.07
256 || 6.89e-03 [1.02] | 2.61e-03 (1.08

UNIVERSITAT POLITECNICA DE

o Fluentfs o
L% |2, L7,
/gy Error  Rate | Error Rate
16 2.87e-02 - 7.32¢-03 -

32 | 6.58¢-03 2.25 | 4.06e-03 0.90
64 | 1.74e-03 1.97 | 1.53e-03 1.45
128 || 4.74e-04 1.91 | 4.99e-04 1.64 |Z
256 | 1.31e-04 (1.86) | 1.45¢-04 (L.80
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Structured

Distorte

{119 »
O FCFV vs FLUENT: compressible Taylor-Couette
g [ density -1 [ velocity | FCFV [temperature] [ pressure |
2 1 Epllcs | Evllc, | E7| | Epll
S Vel Error Rate | Error Rate | Error Rate | Error Rate
E 16 5.13e-02 - 1.24e-01 — 4.96e-02 — 1.20e-02 —
2 32 2.66e-02 1.00 | 5.74e-02 1.18 | 2.35e-02 1.14 | 7.11e-03 0.80
E 64 1.35e-02 1.01 | 2.81e-02 1.06 | 1.14e-02 1.07 | 3.95e-03 0.87
5 128 || 6.73e-03 1.02 | 1.39e-02 1.03 | 5.49e-03 1.07 | 2.22e-03 0.84
5 256 || 3.36e-03 [1.01] | 6.89e-03 [1.02] | 2.61e-03 [1.08| | 1.29e-03 10.79
| {Fluent
AP 1Zule, Iz P
V/Nel Error  Rate | Error Rate | Error Rate| Error Rate
16 9.00e-02 - 2.87e-02 — 7.32e-03 - 8.66e-02 -

32 || 4.06e-02 1.22 | 6.58¢-03 2.25 | 4.06e-03 0.90 | 3.64e-02 1.32
64 || 1.88e-02 1.14 | 1.74e-03 1.97 | 1.53e-03 145 | 1.71e-02 1.13
128 | 8.98¢-03 1.08 | 4.74e-04 1.91 | 499e-04 1.64 | 8.37e-03 1.04
256 || 4.38¢-03 (1.04) | 1.31e-04 (1.86) | 1.45¢-04 (1.80) | 4.19¢-03 (1.01)
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Structured

FCFV vs FLUENT: compressible Taylor-Couette

[ density |- [ velocity | FCF\/ |temperature I [ pressure]
[ Epllz, | Ewll e 1 E7]| 2, £l 2.
4 vBer Error  Rate | Error Rate | Error Rate | Error  Rate
6.13e-02 — 1.68e-01 = 6.35e-02 — 1.34e-02
3.43¢-02 0.98 | 7.65e-02 1.32 | 3.24e-02 1.13 | 7.53e-03 0.97
1.88¢-02 0.86 | 3.84¢-02 0.99 | 1.71e-02 0.92 | 3.94¢-03 0.93
128 || 9.41e-03 1.10 | 1.92e-02 1.10 | 8.35e-03 1.14 | 2.23e-03 0.91
256 || 4.93e-03 (0.94 | 9.54e-03 (1.01) | 4.16e-03 (1.01) | 1.32¢-03 (0.76
{Fluent K
1 Eoll e | Eoll . [E7||c, 1 Ep ||z,
Vel Error  Rate | Error Rate | Error Rate | Error Rate
8 16 7.72e-02 - 3.35e-02 - 9.21e-03 = 7.36e-02 V'
S 32 3.24e-02 1.46 | 1.14e-02 1.81 | 5.55e-03 0.85 | 2.77e-02 1.64 H
o 64 1.47e-02 1.13 | 4.83e-03 1.23 | 2.61e-03 1.08 | 1.25e-02 1.15
- 128 || 6.93e-03 1.20 | 2.35e-03 1.14 | 1.11e-03 1.35 | 6.15e-03 1.12
c",')' 256 || 3.25e-03 (1.10] | 1.12¢-03 [1.07) | 5.02e-04 (1.16] | 2.96e-03 [1.06
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FCFV vs FLUENT: compressible Taylor-Couette

| viscous stress tensor| heat flux :
“Edd”EQ ”Eq ”132
FCFV Fluent FCFV Fluent
VIoe || Error Rate | Error Rate || Error Rate | Error Rate
16 7.56e-1 — 1.12e-1 - 3.67e-1 - 6.47e-2 —
32 4.30e-1 0.95 | 4.52e-2 1.52 || 1.86e-1 1.14 | 3.65¢-2 0.96
0.77 | 2.61e-2 0.79 || 9.86e-2 0.92 | 1.74e-2 1.07
1.84e-2 0.55 || 5.10e-2 1.05 | 9.42e-3 0.97
0.39 || 2.63¢-2 (0.99 | 6.99¢-3 (.43

Distorte
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Compressible inviscid transonic flow

= Flow past ONERA M6 wing 1.6
M., =084 «a=3.06°
1.4

= Mesh: 5,061,252 cells
= HLL Riemann solver

11.2
11

0.8
0.6

[Vila-Pérez, Giacomini, Sevilla, Huerta, Comput & Fluids 2022] 04
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@ L . 2 9 B )
Compressible inviscid transonic flow
g 150 | O‘ Schmitt‘& Charpi;l (1979) |
5 —FCFV H
2 & " CCRV (Fluens, 2+ ordery | £CCUTaCy comparable with second-order
5 PR —VCFV (Flite, 2 order) |1 finite volume solvers
é 0.5 Ps e 0 S ..'.
=8 = 0.5 o .

2 NI %

:;-J 0("

o 3

> q

= 0.5 ; ‘ ;

= O Schmitt & Charpin (1979) |
¢ —FCFV

2 -1 ‘ ‘ ‘ ——CCFV (Fluent, 2°¢ order)

'é 0 02 04 06 6~ | —VCFV (Flite, 2°¢ order)
2 z/c
z

<t
o
a
T
£ . —

g Non-oscillatory approximation of the -0
3 shock wave 1 | | | |

o 3 : L4 r - "o 0.2 0.4 0.6 0.8 1

[Vila-Pérez, Giacomini, Sevilla, Huerta, Comput & Fluids 2022] z/e
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Flow conditions
M 4

(6]

Re = 10*

Flow conditions

M 4

Re = 10

- N . 4 B
SUPEeTrsSONniC ialminar Nnow over a Z/_J.”JCJ%f

[Vila-Pérez, Giacomini, Huerta. IINMHFF, 2023]

Far-field boundary

P

= 0,25) "~ S~

& (0,1) N

’ Isothermal
’ wall
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DU PEersONniC affiifniar 1Now O /el a Z'/_JfJCJ%f
[Vila-Pérez, Giacomini, Huerta. IINMHFF, 2023] Far-field boundary

-

e T 025) T

& (0,1) N

’ Isothermal
’ wall
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Re =

Flow conditions

4
10*

2]

Supersonic laminar fiow over a cylinder
[Vila-Pérez, Giacomini, Huerta. IINMHFF, 2023] FwDee boundegy
LT (025) Tl
’/’ (0,1) \\\

. Isothermal
/ wall Supersonic outflow "

(4,0)

(1,0)

M. Giacomini - XXII Spanish-French School Jacques-Louis Lions - Paris (France) - January 12-14, 2026 - 83

[Vila-Pérez, = 3 3 B 3
Giacomi sSupersonic laminar rlow over a cylinder
uerta. :
IUNMHFF, 2023 FCFV Fluent 1st order ]
3
Mach 2
a
9
1.5
. Pressure ‘ 1
v N 0.5
4

1
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) [Vila-Pérez,

5 5 -

{ Gacomn Supersonic laminar flow over a cylinder

uerta
é [JNMHFF, 2023]
¥
é - -
g Wall Quantities of Interest
2 I ! ‘ ‘ 1 — o ‘ ‘ 0.024 F ——Fcpy ‘ ‘ 1

0.020 F|_ Pluent ——Fluent

& 16p 1 — Barter (DG, k = 3) 0-021 | — Barter (DG, k = 3) 1
g LA 0.010 0.018
5 L2 1 0.015
o ST | < oo A 012
E o | 0.009
= 06l -0.010

ol — o | 0.006

0.2F “harr (DG, k = 3) | oo 0.003

90 5 0 15 9 90 45 0 45 90 -90 45 0 15 90
0 0 0

Pressure coefficient Skin friction coefficient Stanton number

z
=4
2
3

=<
3]
w
[a]
T
=
g
3

~

§
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Laminar flow over a flat plate

Far-field boundary /pressure outflow
Flow conditions Subsonicy Pressure | [Vila-Pérez,
M 0 1 lllﬂ0W| OlltﬂOW L/2 Giacomini,
© " N Saniety Adiabatic wall | Huerta,
Re =10 ‘ [ ’ IINMHFF 2023]
L/2
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Laminar flow over a flat plate

O Reference (Blasius)
Structured, FCFV ]
Structured, Fluent (2" order) | |

S

UNIVERSITAT POLITECNICA DE CATALUNYA @

o E

[onf 4

= ]

3 —— ——— '

= D

o =

8

5 [Vila-Pérez,
& Giacomini,
% Huerta,
3 . . . . IUNMHFF 2023]
= 0.5 1 x/L 1.5 2 2.5
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Laminar flow over a flat plate

O Reference (Blasius)
Structured, FCFV ]
Structured, Fluent (2°¢ order) ||
Unstructured, FCFV ;
Unstructured, Fluent (2°¢ order)

UNIVERSITAT POLITECNICA DE CATALUNYA @

[Vila-Pérez,
Giacomini,
Huerta,

I I I [UNMHFF 2023]

0.5 1 x/L 1.5 2 2.5
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Laminar fiow ov

4
.
0o
[ —
==ge
0
‘4.
(—r
g -
}\s

O Reference (Blasius)
Unstructured, FCFV ]
Unstructured, Fluent (2°¢ order) __
Unstructured, Fluent (2°¢ order) + SIMPLE| 1
Unstructured, FCFV Incompressible

UNIVERSITAT POLITECNICA DE CATALUNYA @

incompressible :

incompressible |

i S ©
'FCFV is robust in the [Vila-Pérez,
‘incompressible limit Giaﬁomlﬂt”iy

. . 1 uerta,
without pressure correction! . NMHFF 2023]

( §) LABORATORI DE CALCUL NUMERIC

0 0.5 1 x/L 15 2 2.5
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Turbulent flow over a riat plate

= RANS with Spalart-Allmaras model

[Vieira, Giacomini, Sevilla, Huerta, Comput & Fluids 2024]

Flow conditions

L1

@
<

z

2

:

: 6
< —_—

. x10~° Re =5 x10
£ - ‘ 17 O ot wal i |

3 0 Theory - 0.025Re, © Law ol Wa

: ——545x385 - CFL3D oSy - CRLAD

E *1 —LF —Roe

5 — Roe 200 __prp .

g —HLL . —HLL without SA |

o I 6 ——HLL without SA 13 ;

i O

1, 10

: }

g \

8

g 2 r 0 SISt 1 I I I

g 107 10° 10 107 10° 10*
: ‘ ‘ y'

= U Needfor turbulent viscosity! 2 Dimensionless velocity profile
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Turouient riow over a 1l

a - -
[ .J-LEZ‘

’k\\

= RANS with Spalart-Allmaras model Flow conditions
[Vieira, Giacomini, Sevilla, Huerta, Comput & Fluids 2024] 6
_3 ‘ Re =5 x 10
10 X].O ‘ ‘ ‘ 10 ><1073
o Theory - 0.025Re; /" o Theory - 0025k
——545x385 - CFL3D —545x385 - CFL3D
8¢ —LF 1 8 ——Regular
— Roe —— Distorted
—HLL
. ¢ —HLL without SA || & 6}
Q
4 L
20 ) | | |
0 0.5 1 1.5 2
0 0.5 1 15 9 FCFV is robust to grid distortion
1 also in the turbulent case
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[HOWS In a fiuidic oscillator

ifransient INGOIMPpressivl

)
U‘

e Triangular mesh automatically generated (GiD & Delaunay)
e Low non-orthogonality, high face skewness
e Inspired by [Seo, Zhu & Mittal, AIAAJ, 56( )2018]

Flow conditions

Re =5 x 10?
[Corte"essa Glacomlnl Huerta LNCSE 2025] | Jacques-Louis Lions - Paris (France) - January 12-14, 2026 - 92
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Transient incompressible flows in a fluidic oscillator

FCFV|OpenF

OAM
1

Temporal
evolution of
velocity and

pressure

I
Frequencies
spectra

FCFV is capable =

of capturing
dominant
frequency even
on highly
skewed mesh

Need for automatically
adapted meshes!

UNIVERSITAT POLITECNICA DE CATALUNYA @

i A &
(%) LABORATORI DE CALCUL NUMERIC

[Giacomini, Sevilla, UNME 2020

01 02 03 04 05
f
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Complex geometries with localised features

[Giacomini, Sevilla, SN App Sci 2019]
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Ongoing research
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Untitted HDG with exact NURB
Basic ideas:
- Embed NURBS boundaries in a

non-matching Cartesian grid.
(no need for high-order curved mesh generation)

« Construct a high-order HDG approximation

without adding unknowns along the contour

(same unknowns as standard HDG) I I I_‘
- Interpolate and integrate along NURBS HET '
(exact geometry with NURBS-Enhanced FEM)

- Develop an automatic degree-adaptive procedure

(using the HDG superconvergence).
[Piccardo, Giacomini, Huerta, JCP 2024]
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()[Piccardo, Giacomini, Huerta, JCP 2024]
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Microchannel with obstacles
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haracten

stic boundary conditions for HDG
[Ellmenreich, Giacomini, Huerta, Lederer. JCP 2026]

Standard boundary condition operators

Boundary type

Boundary condition operator

@
<
>
z
=2
é
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a is the vortex strength ratio of the vortex to the base flow
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Reference Far-Field GRCBC{ 51, NSCBCg.-zspoo
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Reference Far-Field GRCBC{ 1, NSCBCg.-zspoo
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Reference Far-Field GRCBC{ 51, NSCBCg.-zspoo

@
<
>
z
2
3
O
w
o
<
o
z
O
D
=
g
[
<
=
177}
o
i}
=
=
=)
o
T
A
=
joi ]
z
3
P |
=<
[5}
w
o
5
3
%

~

. NwOw |

St

b/ 1220 Mas = 0.03 a=1/3

[E”menreiCh, Glacomlr“, Huerta, Lederer. JCP 2026]-Louis Lions - Paris (France) - January 12-14, 2026 103

summary |i
HDG outperforms DG, greatly reducing the number of DOFs.
HDG has a slightly larger number of DOFs than CG.

HDG provides stable approximations using the same order of
polynomial discretisations for all the variables (easier mesh
generation).

HDG features a sparsity pattern particularly advantageous for
the development of efficient linear solvers.

HDG has specific advantages in the context of mechanical and
flow problems (mesh robustness, locking-free, ...).

HDG is suitable for high and low order and degree adaptivity.
FCFV can be interpreted as the lowest-order version of HDG.
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