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Support Vector Machines, SVMs for short, are Machine Learning algorithms mainly used
to solve the problem of binary classification. These algorithms work by constructing a
classifier function from the solution of an optimization problem that involves a set of
previously labeled data. The following problem corresponds to soft-margin SVM, which is
one of the most simple SVM models that can be considered and usually taken as reference
when testing new proposals
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Here w and b are, respectively, the normal vector and the bias of the hyperplane obtained
as the classification boundary and & is a slack variable related to classification errors. The
vectors x; are the observations in the training set and y; their labels.

Our work consists on the proposal and test of novel SVM type models obtained by
introducing the pinball loss, which has already been used to improve basic SVM in [3],
into the probability SVMs presented in [4] to increase their robustness to noise in the
training data.

Proposed Models

Probability support vector machines [4] are designed to provide with values between 0
and 1 instead of just =1 when classifying an observation. This can directly be interpreted
as a probability of that observation to be in certain class. To accomplish this we simply
add an additional restriction to the optimization problem given above:
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We also need to adapt the decision boundary to the value w'x; + b = 0.5 and that is
done by the following modification of the first restriction:
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These 2 modifications lead to the model known as probability support vector machine,
or PSVM for short. We can further modify the problem by introducing a term in the
objective function that rewards classifications with probability close to 0 or 1 according to
the class, and the resulting model is called conditional probability support vector machine,

or CPSVM for short.

The standard loss function used in the model presented at the beginning is related to the
minimal distance, which implies that it is sensible to noise, particularly to noise close of
the decision boundary. To solve this problem [3] proposes the use of the pinball loss, that
is related to quantile distance instead. This is introduced in the model by changing the
second restriction:
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Combining all the previous modification we obtain the following novel problem that we
will denote as pin-PSVM, or pin-CPSVM if the additional term for the objective function
is included (colored in red in the equation). We also highlighted in blue the modified
restriction corresponding to pinball loss.
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By applying the Karush-Kuhn-Tucker conditions the dual formulation of the problem can
be obtained. This is useful since the dual formulation allows to directly introduce different
kernels to perform non-linear classification if desired and it is also better suited to be
solved with computational methods, as it is directly expressed as a quadratic programming
problem. The resulting dual formulation is:
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Numerical Experiment

In order to test our proposed models we considered a set of 11 databases. We started
using a grid-search strategy to find the best performing, in terms of balance accuracy,
set of hyperparameters for every model and database without introducing noise.

Then we fixed the best hyperparameters for each case and solved the problem again, this
time introducing different levels of uniform noise on the training data. We performed
100 repetitions of noise for each case and obtained our measurements as the mean of
those repetitions.

As stated in the beginning, we are interested in the robustness of these models to noise
in data, so we calculated the mean relative difference in norm of the values of w and b
obtained with and without noise:
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Finally we follow [2] to statistically analyse the results, obtaining the following:
CD =2.274
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The above graph shows the mean rank (lower is better) over the 11 databases tested
in the experiment for each model when considering the robustness measure for the bias
of the hyperplane, R;. Models connected by a red line are not significantly separated
with 95% confidence. We observe that the introduction of pinball loss improves the
performance of every model. We also note that probability SVM models are more robust
than classical SVM in terms of the bias of the hyperplane.
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Studying now the results for Ry, we find that pinball loss has a positive effect when
applied to SVM and PSVM but negative for CPSVM. In this case we observe that SVM
is more robust that probability SVMs in terms of w. This contrast in the behaviour
of w and b agrees with the general principle of variance-bias balance. In this context
variance is related to changes in w and bias with changes in b, so it is expected that
more complex models show higher variance and lower bias when compared with simpler
ones.
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