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PARA-REAL-TIME NUMERICAL INTEGRATION
Parallel time integration schemes for
solving evolution partial differential
equations (climate, financial options, pop-
ulation growth, plasma dynamics, ...)
Predictions-corrections on time windows
[Ti−1, Ti], combining coarse approxima-
tions ũi,∆t and fine or exact solutions ui

Goals
→ Assess the ability to (almost) simultane-

ously solve all time steps of PDEs using
computer clusters

→ Develop a new framework to take into
account frequent perturbations in large
computer networks

CLASSICAL SCHEME [5, 4]
Time decomposition (i ∈ {1, . . . , n})
∂ui/∂t = f(ui), t ∈ [Ti−1, Ti], Ti = i∆t
ui(Ti−1) = λi−1, λ0 = u(0)
Iterations (initialization: λ0

i = ũ∆t(Ti))
λk+1
i = ũk+1

i,∆t(Ti) + uki (Ti) − ũki,∆t(Ti)
→ Transmission conditions: λk+1

i−1 , λki−1

ASYNCHRONOUS PATTERN [2]
General example (x = T (x))
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n ) ∀i ∈ Pk
xki ∀i ∈ {1, . . . , n} \ Pk

→ Pk: arbitrary set of components updated
at instant k (Ostrowski’s free steering)

→ ψji (k) ≤ k: version of component j used
for updating component i at instant k

ASYNCHRONOUS TIME INTEGRATION SCHEME [6, 7]
Explicit iterations (i ∈ Pk)

λk+1
i = ũ

ψ1,i(k)
i,∆t (Ti) + u

ψ2,i(k)
i (Ti) − ũ

ψ2,i(k)
i,∆t (Ti)

Implicit iterations (i ∈ {1, . . . , n} \ Pk)
λk+1
i = λki

Fixed-point formulation
λk+1
i = T̃i

(
λψ1,i(k), λψ2,i(k))

→ Transmissions perturbation: ψ1, ψ2

Unconditionally generates nested sets
Sl+1 ⊂ Sl∈N with at most Sl≥n = {λ∞}

→ Termination in finite number of steps (as
for the classical scheme)

Error at each iteration: ∥λ∞ − λk∥∞ ≤ (∥ũ∆t∥
sup
∆t + ∥u− ũ∆t∥

sup
∆t )σ(k) ∥λ∞ − λ0∥∞

with lim
k→+∞

σ(k) = +∞

→ The asynchronous scheme is convergent if ∥ũ∆t∥
sup
∆t + ∥u− ũ∆t∥

sup
∆t < 1

which is the same condition for the classical scheme on unbounded time intervals

The computational cost fits the ideal Aubanel’s model [1]
C(κ(kasync), n) = n C∆t

ũ∆t
+ κ(kasync)

(
C∆t
u + C∆t

ũ∆t

)
, κ(k) := max

i∈{1,...,n}
|{l ≤ k : i ∈ Pl}|

→ Speedup over the classical scheme
C(k, n, C̄com)

C(κ(kasync), n) ≤ 1 + (n− 2) C̄com

C∆t
u + C∆t

ũ∆t

→ Speedup on unbounded time intervals

lim
n→+∞

C(k, n, C̄com)
C(κ(kasync), n) = 1 + k

C̄com

C∆t
ũ∆t

≥ 1

with a generalization of the Aubanel’s model by considering network perturbations

C(k, n, C̄com) = n C∆t
ũ∆t

+ k

(
C∆t
u + C∆t

ũ∆t
+
(
n− 1 − k + 1

2

)
C̄com

)

Take-home message
The asynchronous scheme is unconditionally preferable on unbounded time intervals

COMPUTATIONAL EFFICIENCY
Aubanel’s implementation pattern [1]

proc 1 GF̊ F̊ F̊ F̊
C

proc 2 GGF̊ F̊ F̊ F̊G F̊ F̊ F̊ F̊
C C

proc 3 GGGF̊ F̊ F̊ F̊ − G F̊ F̊ F̊ F̊G F̊ F̊ F̊ F̊
C C

proc 4 GGGGF̊ F̊ F̊ F̊ − − G F̊ F̊ F̊ F̊GF̊ F̊

G: one-step coarse integration
F̊ : one-step fine integration (F = F̊ ◦F̊ ◦F̊ ◦F̊ )
C: communication

→ Delayed communications might not be
overlapped despite the initial shift

Speedup bounded by n/2 (cf. [3])
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WEAK SCALING EXPERIMENT

Heat evolution: ∂u/∂t = ∇2u

Fine time step: δt = 0.002
Coarse time step: ∆t = 0.2

Sequential spatial integration
[0, T ] increases proportionally to #proc

→ Expectation: constant execution time

Fine integration: trapezoidal rule
Coarse integration: backward Euler
Convergence: ∥λk − λk−1∥∞ < 10−6
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Parareal sync.

Parareal async.
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