FETI Methods

FETI-1LM

Francois-Xavier Roux

ONERA and LJLL (retired)

1 FETI-1LM method



FETI: main features

First method based on Lagrange multipliers
= discontinuous solution (non conforming method)
= dual interface variables

Easy interface management

Imbedded coarse grid preconditioner
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PDE, variational formulations

Partial differential equations

{ —Au = f in (

+ boundary conditions on 0{)

Stokes formula
ou

Vu.Vv=ffv+ —v
—[Q Q a0 0N

Variational formulation of Dirichlet problem

u = up on dQ jVu.Vv=jfv Vv/v =0 on 9Q)
Q Q

Variational formulation of Neumann problem

u
— = g on 0} JVu.Vv=jfv+j gv Vv
on Q Q
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Block structure with inner and boundary unknowns

(ks k) - () (o
Kvi Kpp/ °~ \Xp/ ' \bp

Dirichlet problem

{Kiixi + Kipxp = b;

Neumann problem

FETI methods



Schur complement and Dirichlet to Neumann

Solution of Dirichlet problem

K::x: K: = b — —
{ iiXi T RipXp =0 Kyx;=b; —Kpxp, = x; = —K;'Kjpx, + Kb,

Xp = Xp
Neumann problem with the same solution

Kpix; + Kppxp = Kppxp — KpiKii ' Kipxp + Kpi K7 by

B i i) (o
Kpvi Kpp/ \Xb (Kpp — KpiKii " Kip)xp + KpiKii ' by by + Ap

Ap = (Kpp — KpiKi; 'Kip )xp — (bp — KpiKi7'b;)
S = (Kpp — KpiKi7 "Kip)
)lb = S.X'b — Cb

The Schur complement is the mapping of the trace on the flux on the boundary
for a field satisfying the equations inside the domain

FETI methods



Energy formulation of linear elasticity

Linear elasticity problem dive+f=0 in Q
o=2A(¢) in Q
+ boundary conditions on ()

1
Minimization problem u = Arg Min —J o(v) Vv — va
vev 2 Q Q

Minimization problem under constraint for
the 2-domain problem

1
U, uU,) = Ar Min —jav Vv, — v+—jav Vv, — %
(U, uy) g(vl,vz)elevz 5 o, 1(v1) Vg Qlf1 1 2(v2) Vo, f2 V7

V1=V3 on F3

J1(uq) + J2(uy)




Mixed formulation

Saddle point of Lagrangian

Ly, vo,0) =J1(v1) +2(v2) + | (v —v)u

(uli Uz, /1) = ATg (vl,vgérll/lXVz {lweavxv L(Ul, U2, ,Ll)

Variational formulation of saddle point problem

j or(u) Vo = | frvi— | Avy Vv €V

j O-z(uZ) VUZ = fz %) + A (%7} VUZ € VZ
9% %) I3

(u —ux)uy=0 Vuew
I3




Interpretation of mixed formulation

Interface conditions
Local problems

{ Uy = U, on Iy

+ boundary conditions on d{}; N 9{}
ong = —Aon F3

div 0y, = fz In .Q.z
+ boundary conditions on 9, N 9(}
o,n, = Aon Fg F3

FETI method :

{ —01Nnq = on, = /1




Local Stokes formula

Global homogeneous Dirichlet problem
]Vu.Vv = ffv Vv /v = 0 on 9Q)
Q Q
[ Ouy

—v; Vvy/v; =0o0n dQ4 \ I3
r, 0y

j Vu1 . Vv1 - fv1 J
Q Q,

1

ou
j Vu, .Vv, = | fv, + r sz Vv, /v, =0 on dQ, \ I3
Q, Q, JI“3 on,

Interface conditions: du, Ou,
continuity of field and balance of flux + =0 onTj
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(non-overlapping)Domain decomposition methi

Global partial differential equations

{ —Au = f in ()

+ boundary conditions on 9{)

Local partial differential equations

I3
_Aul — fl in Ql
+ boundary conditions on 92 N 9, Interface conditions: continuity of field
and balance of flux
Uy = U, on I3
— - i du, OJu
AuZ .f:z 1n Qz 1+ 2=O on l—.3
+ boundary conditions on 91 N 0(}, on, Jdn,

11 FETI methods



Global system of equations

Ki1 0 K3\ /1 b4
0 Ky Kpz||X2])=|b2

RN

K31 Kz Kiz3/ \X3

bs

777777,

Local systems of equations
1 ) ] > 1 2 ) @] 2
K31 Kg(g) X3 b(g) K32 ngg) X3 b(s)

1 2
Kgs) + K§3) = K33

b + b = b,

12
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Ay ':.\
R
:_.'.‘.
N

Local equations, interface interconnecting co

Local inner equations

RN

Kll x1+K13 x(31) == bl

Kzz X9 +K23 x(32) = b2

777777,

Admissibility condition at interface

D =@ (= xy)

Equilibrium condition at interface
K31 %1 + K35 x5 + K33 X3 = b3

Kor 21 + KD 2 — b0 4 K3y 1, + KD 12 — b =

13 FETI methods



Local Dirichlet to Neumann mapping

P

Solution of inner local problems whatever the boundary conditions on interface

1 2
K11x1=b1—K13x(3) K22x2=b2—K23x(3)

Local contributions to residual : non zero only on interface
K11 Kis X1 b1 0
—_ —_— 1 _ 1 1 —_
K34 K?f?l,) x(31) b%l) (K;)Eg) - K31K111K13) x(g) - (bé ) - K31Kii'b 1)

Ky,  Kjs X2 b, 0
— = 2 - 2 2 -
K3, K?g) x(32) b(32) (Kég) - K32K221K23) x(g) - (bé ) - K3,K35'b 2)

Local problems with Neumann boundary conditions

K11 Kis X1\ b4 Ky, K3 X2\ b,
K3, K?f;) x(sl) B b(3)1)+/11 K3, KS(? x(32) B b(32)+/12

14 FETI methods



Condensed interface problems

Admissibility condition at interface

x(?,l) — x(;) =0
Equilibrium condition at interface

Kot 21 + KD 2 — b8 4 Ky xy + K2 1P — @ = g

/11"‘/12:0

Solution of local Dirichlet or Neumann problems

Al - Slx(;) - Cél) /12 == Szx(32) - C§2)

15 FETI methods



Schur complement method

Interface unknown: X3 = x(;) = x(gz)

Solution of local Dirichlet problems in
subdomains

K11 x4 = by — Kq3 X3

Ky, x, = by — Kp3 X3

Equilibrium condition on interface => definition of residual

Al + /12 = 51X3 - C:gl) + SzX3 - C§2) = ng - C3 == O

16 FETI methods



Implementation

Solution of local system via a direct method (Gauss, Cholesky)

Ki1 x4 = by — Kq3 X3 Ky, x; = by — Kp3 X3

Local contribution to interface residual
K1 Kis (xl) b1 B 0 Ky, K3 (xz) b, B 0
K34 Kg) X3 b(31) A\ Six5 — cg(,l) K3, ng? X3 b§2) S\ Syxg — c?(,z)

Global interface residual obtained by assembling local contributions

S1X3 — cél) + S,x3 — C?EZ) = (51 + 55)x3 — (c?El) + céz)) = Sx3 — C3

Conjugate gradient iterations for the condensed interface problem

Very well suited method for distributed memory parallel system with message
passing programming environment

17 FETI methods



FETI method 2 subdomains

Interface unknown: A=1,=-1,

Solution of local Neumann problems in subdomains

(Kll K13> <x1 ) < ) ) <K22 K23> <x2 > ( ’ >
1 D)= 2 2 )= 2
Ky1 K& ) \xg piY + A, Ky K2 ) \xg b{? + 2,

Interface residual ;

2 — 1 — 2
) —x? =S - ) = S5 (e — )
- - - 1 — 2
= (511 +5;DA = (8 1C§)_521C§ ))
=F1—d

S and F have similar condition numbers but small eigenvalues of S correspond
to large eigenvalues of F : Krylov methods converge faster for F

18 FETI methods



FETI method many subdomains

Local trace operator on interfaces of subdomain Q; : B E J2

Global jump of trace operator on interfaces :

ns
ZBSuS = U; —u]' on FU ='Qi n.Q]

s=1

Local problem in subdomain Qg

Ksug = by + BEA = ug = K;1(bg + BEA)

Condensed FETI problem on interfaces

Ng Ns Ng
z Bau, =0 = Z B.K;1BiA = —z Bau?  with K.ul = b
s=1 s=1 s=1

19 FETI methods



FETI method many subdomains

Local trace operator on interfaces of subdomain Qg : B; = TgxR,

Global jump of trace operator on interfaces :

Ng
z BSuS = Riui — R]u] on Fl] = 'Qi N .Q]

s=1
Local problem in subdomain Qg F
Ksug = by + BEA = ug = K71 (b + BEA)

SsRsus = cs + TEA = Rgug = S;1(cs + TEA)

Condensed FETI problem on interfaces

Ng Ng Ng
z Bau, =0 = Z TSSITIA = — z T;R.u?
s=1 s=1 s=1

20 FETI methods



Easy interface management

No multiple interface unknowns ‘

o,
Tee
&“
EEEE%HE

Uncoupled computation of jump of interface
displacements

Very simple implementation in message
passing programming environment

Same implementation for 2 or ng, subdomains

21 FETI methods



Solution of singular mixed problem

Solution via condensation (Uzawa) K K,
K B\ uy _ (b gt et Tk
(B o>(/1)_(o> — BK™'B'2=BK1b n

BK™1B'A=0= (BK 1B‘'A,1) = (K~1B'A,Bt2) = 0

If Kis SPD, Ker(BK-1B!) = Ker(B') and so Im(BK-1Bt) = Im(B)
CG converges to unique solution that belongs to Im(BK-1Bt) = Im(B)
No problem with redundant continuity conditions with FETI

FETI solution is identical to global solution : LBB condition not required




About the orientation of interfaces

Very easy implementation in message passing programming environment
Each subdomain uses its outer normal orientation
The jump of displacements is defined locally

lu] = Ulocal — Uexternal

Local Lagrange multipliers defined on both sides automatically satisfy

Alocal — _Aexternal

Same thing for all interface vectors built in the projected conjugate gradient method

Dot products are the same (minus x minus = plus)

23 FETI methods



Optimal local preconditioner for FETI method

FETI condensed interface operator

F=(S*+S31)

Optimal local preconditioner (convergence independent of mesh size)
F'_l = (d151d1 + szzdz)

d1+d2=1

Computation of preconditioned gradient

. Kii Kiz\ (V1) [ O
Ki1v1 = —Ki339 K34 K:g) %g - 51%9

Ky,  Kps U2 0
Kyovy = —Ky32 g —
2 32 <K32 K§§>> <%g> <Sz%g>

Solution of Dirichlet problem in each subdomain

24 FETI methods



Mechanical interpretation of weighting

The interface gradient is the jump of displacements
Find the interaction force which will make the gap to vanish

Impose each subdomain interface to move a fraction of the gap, compute the
local force to impose

(Dirichlet to Neumann)

Take a weighted average of the
Responses from both subdomain on
each interface

Stiff subdomain moves less than smooth one...

Condition number independent of mesh size (h), depends on number of
subdomains (H)

25 FETI methods



FETI projection

Il posed local Neumann problem

How to solve the problem using a direct solver ?

26 FETI methods



Il posed local Neumann problem

Null space (rigid body motions in elasticity, constant for Laplace)

Local problem in subdomain Qg

us = K (bg + BEA) + Ngag

K.u, = b, + BitA =
T { Nt(bs + BEA) =0

Condensed FETI problem on interfaces

n n Nng n
z Bsug =0 = z B.K}BEA + Z B;N;a; = Z B.K} b,
s=1 s=1 s=1 s=1

27 FETI methods



Mixed FETI problem

Mixed condensed interface problem
(F G) (/1) _ (d) s=1 s=1
Gt 0) \a c s

Orthogonal projection in the kernel of Gt

Pu=u+GB G'Pu=0 = G'GB =—-Gtu

P projection in Ker(GY)
P=1-G(G'G) Gt

28 FETI methods



FETI projection

Solution of the mixed problem via the projected CG ?

29 FETI methods



Computation of FETI projection

Block (66),, = (BN)*(B;,)
Null if subdomains Q; and €); are not neighbors
Contribution of interface T;; to matrix G t¢
Contribution to diagonal block (i, i)

(Ni -Nir,,

Contribution to off-diagonal block (i, j)
_(Ni ' I\Ij)['ij

Matrix G'G is sparse with the structure of a finite element matrix whose
elements are the subdomains and whose degrees of freedom are the null

spaces components

Small dimension, easy to factorize

{0) FETI methods



Property of FETI projection

The FETI gradient is the jump of local solutions obtained with the pseudo-inverses
on interfaces

ns
g = 2 BsK{ (bs + BA)
s=1

The FETI projection of the gradient computes the null spaces components which
minimize the jump

Ng Ng
Pg = Z BK; (bs + BEA) + Z BN o
s=1 s=1

/]

Global « coarse grid » preconditioner ; | =
1 optimal cv
/1

Condition number almost independent 1

of number of subdomains (logarithmic éﬁ

dependence on H) T
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Optimal decomposition for 3D regular grid

Number of DOF = dN?3

Number of interface DOF = 6dN? = complexity of a dot product for FETI iterations

Fill in with sparse direct solver = 0(d?N*)

— complexity of a forward-backward
substitution

Order of magnitude of 10 < N < 100

Storage and orthogonalization of many
search directions affordable

Use Krylov methods with full orthogonalization

32 FETI methods



FETI : main features

Very well suited methods for distributed memory system

Good convergence properties (independent on mesh size) for elliptic
problems

Need a global “coarse “grid” preconditioner for independence on number of
subdomains: built in projector with FETI, generally local constant fields are
enough (degree 0 polynomial in subdomain)

Not good for wave propagation problems: Dirichlet and Neumann problems
can be ill posed, spurious reflection on interface, local preconditioner not
optimal, no null space but many near 0O local frequencies




Robin boundary conditions for wave propagé

Robin problem for Helmholtz

—AMu—k?*u=f inQ

U |+ = 90
-+ au=gon

Absorbing conditions: first order approximate “transparent” condition
a=+1jk
Well posed problem (no natural frequency)

Variational formulation

ou
fVu.Vv—kzjuv+j auv=jfv+ —v VD
Q 0 o) Q a0 0N
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(

FETI-H for Helmholtz

Augmented matrix associated with inner or outer first order approximate
transparent boundary condition

K11 K13 X1\ b4 K7, K;s3 X2\ b,
K31 KS(;) +jkm33 xgl) B b(31) + A KSZ Kég) _jkm33 x(32) N b(32) -4

1 . 2 .
K?E?)) +]km33 + K:’E?)) —]km33 = K33

Interface residual :

xél) — xg(,Z) = (S; + jkms3)™" (A, — Cgl)) — (S, — jkmsz3)™' (4, — C§2))
= ((S1 + jkmz3)™ + (S, — jkms3)™HA — ((5; +jkm33)_1c§1) — (S, —jkmss)‘lc§2))
=FA—d

F is not SPD anymore, use Orthomin (GCR) or Orthodir instead of CG with full
orthogonalization

35 FETI methods



FETI-H many subdomains

Well posed local problem if all absorbing ‘\‘ ‘\*
conditions are inward or outward i

—— ;
Coloring of subdomains L +

Mixing of absorbing and non absorbing

interfaces ~ +

The smaller the number of interfaces without Robin conditions, the better for
convergence

36 FETI methods




Coarse grid preconditioner based on projection

Problem to be solved : Ax = b
Coarse space (small dimension) : Span{C}

Find an optimal correction of approximate solution in Span{C}

gl =AxP —b

XP =xP +CaP

gl =g°?+ACa?

GP minimal = (AC)*GP =0
gP=|1-c(crarAc)ytc*| g

A*A -orthogonal projection in the A*A -
orthogonal complement of C
Implementation: compute and factorize

(AC)"(AC)

37 FETI methods



Coarse grid preconditioner for FETI-H

Plane waves in various space directions
The dimension of coarse space must grow with frequency
Worst case: 1-D slicing of wave guide without damping

Coarse grid preconditioner still an open issue for wave propagation

38 FETI methods



FETI Methods

FETI-2LM

Francois-Xavier Roux

ONERA and LJLL (retired)
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Global system of equations

Kiin 0 K3\ /% by
0 Ky Kpz||X2)=|b2

K31 K3z K33/ \X3 b3
<
Local systems of equations with Robin Interface interconnecting conditions
boundary conditions
<K11 K13 > <x1 ) < b1 ) ( xél) _ x§2)
(1) 1)) = |, ] S
K31 K33" + o X3 by" + 44 \a1 x§1)+a2 X§2) =A+ 4,

( @) _
< b2 > < /11 + Az — (al + az) x3 =0
b

<K22 ) ) < : )
2 @) ) =
K32 Kg(g) T a) \X3 \/11 + A, — (ar + ay) xgl) =

40 FETI methods



Condensed interface problem

Solution of local systems of equations with Robin boundary conditions

(Sl + al) X:(gl) = /11 + Cél) (SZ + az) XgZ) = AZ + C:gZ)

Substitution in interface interconnecting conditions : matrix of condensed interface
problem

< I I —(a; +ay)(S; + az)"l)
I—(ay+a)(S; +a;)™? I

41 FETI methods



Optimal interconnecting conditions

Optimal Robin boundary conditions

a, = SZ a, = Sl optimalcv

Optimal Robin boundary conditions = Schur complement of outer domain
The Schur complement is the operator linking the trace of the field and the flux for
a field satisfying the equations inside a domain

Relationship with partial block LU factorization : local elimination of local
equations in global system

<K11 K13 )(x1) _ ( by )
K31 Kz — K3;K55' Kp3 ) \ X3 b, — K3,K5,' b,

_ 1 2 _
K33 — K32K55' Kp3 = Kggg) + Kg(g) — K3,K55 K>3

42 FETI methods



Approximation of Schur complement

Computation of Schur complements in small areas + assembly
Sparse approximation

Black box implementation

—
/
/

—_—

Works Ok for elliptic problems, especially in the case of high
heterogeneity accross the interface

Not very robust fore more general problems

43 FETI methods



Coarse grid preconditioner based on projection

Problem to be solved : Ax = b
Coarse space (small dimension) : Span{C}

Find an optimal correction of approximate solution in Span{C}

gl =AxP —b

XP =xP +CaP

gl =g°?+ACa?

GP minimal = (AC)*GP =0
gP=|1-c(crarAc)ytc*| g

A*A -orthogonal projection in the A*A -
orthogonal complement of C
Implementation: compute and factorize

(AC)"(AC)

44 FETI methods



FETI-2LM for wave propagation problems

Dirichlet to Neumann mapping for the exterior problem = exact transparent
boundary condition

Discrete Dirichlet to Neumann mapping is dens : need a sparse
approximation

First order approximation of transparent condition : @ = jkm

Higher degree approximations available

Global coarse grid preconditioner? b o

45 FETI methods



Application to electromagnetism

Curve of scalability code Factopo_fem-feti

Computer OCCIGEN@CINES Xeon Haswell Finite periodisation 28x28; 198x198 cm2

Fakir Prototype; Incidence 0 degree

12
LA L D B BN BRLE R N B B LA BRLE 20 ‘ ‘ .
—— PECqplae | | 1 1
11+ IE—: OCCIGEN@CINES Xeon Haswclll — a5t G—€ Fintearray sinwlatons (Factopo_fem-fety | || e R o
C de | 2 ——  Measurements (CAMERA) T ] H T
LoK ——  Infinite array simulations (CST) ! | 1 1
10~ =1 Np—— ] o
9 2.05 Billion I R e e e
7 [ - I 0 T S S . onts S N A N
< st 1.45 Billion R _ 10
g5 RO3003 g
s S St
S M oS 3
o | ce BN ot O N A S N, £
E - AD410 g o
= 6 0.5 Billion ‘ =
§- e Damier i e N i R e s Nl i s R
= 5 H
= B L R R R i b e e o T L e e
51HF Cartes \ 4 b
4 Résistives B SEEEE. e o/ A B
3/ 0.3 Bilion H 20 R 1 e
i 1 Plots 25 ’ i i ‘
2 m Mitaliques 2 4 6 8 10 12 14 16 18
- 1 Frequency GHz
1 | 1 | 1 | 1 | 1 | 1 | 1 I 1 I 1 I I 1 I

1 1
’_’IOOO 3000 4000 5000 6000 7000 8000 9000 10000 11000 12000 13000 14000
Number of core
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FETI-2LM applied to Maxwell

V x (év X Ei )— kozgr Ei = k02 (gr’i —lu__l) Eincident in Qi — R3 1.Em
Hy ri E <5 I
Robin < mix (;Vx E;)+ jkof x (i, xE;)= A on [, (Robin) M
Hy i !
ix(VxE )+ jkix(ixE )=0 on T, =0Q\T o L P g

Lagrange multipliers with approximate transparent Robin condition (approximate
outer Dirichlet-Neumann)

ﬁ)i X (li;,llv X E]l) +]k0ﬁ>l X (ﬁl X E]l) = A;
i X (uy 1. VX E]) + jkon; x (i1; X E)) = A]
Electric and Magnetic field continuity 1

ﬁix(ﬁing)=ﬁjx(ﬁjx§{)




Computation of FETI-2LM residual on interfé%

AL+ N = 2jkoii; X 7y X E} =

) j o . i on Fl]

Aj +Al —ijon] Xle XEi =0

A+ — M +MDEF=0 i=12,..,N; and j € neighbor(i)

M} = ko |G X W), G x W)ds

Fij
Computation of Tﬁm
1. Solution of local problem with Robin &
conditions defined by A - In

2. Exchange values of E and A on interfaces N \(
3. On each interface I};, computation of : - / AN

gl =4+ 2 — (M} + M)E]

ORTHODIR iterations until || K x - b || < stopping criterion




Weak scalability

Timings with one subdomain per core
Increasing size of the array

Curve of scalability code Factopo_fem-feti
Test "Fakir_v3; 15 GHz: Theta=15 degrés" Calculateur SGI JADE@CINES
L I I [ T I T I I I Ll l I I 1 I T I T

—

| =1 JADE@CINES X5560 | -

e
o
|

e
S
|

|

B 400M

S
~

o
[

o
=

Elapse Time (Hours)
=)
wn

0.3

| I S | S | Sr— T S N—T— —— -
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Number of Nehalem core X5560




ORTHODIR algorithm

ORTHODIR : build a F*F-orthogonal basis of Krylov space

fgo =FAg—d
) Vo = Yo
Fv,

| do = | Fvoll § 1

( Ap = Ap_q + Pp_1Vp_1 Vp =Fv,_ 1+ Z YipVi

< Ip = Gp-1 t Pp-1FVp_1 22_1

(Fvp-1)'9p =0 S dp_1pp-1 = —~(FVp_1)"gp-1 1 Fv, = FFv,_; + z YipFv;
& = _(va—l)*go 0
Vip = _(Fvi)*Fva—l

ORTHODIR : block formulation \ dp = ||Fv,||

VP = [vovy - vp_q]| , (FVP)*(FVP) = DP
/1p — AO + Vppp
9p = go + FVPpP

DPpP = —(FVP)"go




Restarted ORTHODIR with multiple RHS

VP and FVP are given, (FVP)* (FV?) =D,

. . opt
Optimal starting 4,

A0PC = g + VPpP

opt

DPpP = —(FVP)*g, & —(FVP)*g°Pt = 0
9P = go + FVPpP p 9o 9o

Start new iterations with new search directions F*F —orthogonal to V?
F*F —projected ORTHODIR

In practice same as if restarting ORTHODIR at iteration p

Accumulation of search directions with successive RHS




Dependancy upon number of stored directio

17x17 array
289 subdomains, 50 Million unknowns

31 RHS, incident waves with various angles

0T T T T T T T T T TT71
380k —

320 1+
300 - @=—a> 17x17 SAFAS Array (2500 stored directions)
280 - =z 1 Tx17 SAFAS Array ( 4000 stored directions)
260
240
220 -

180
160
140 —
120

FETI Iterations

I N I I [
67 8 91011121314151617181920212223242526272829303132
Right Hand Side (32 wave directions from 0 to 31 degrees)

—
b —
L —
e

L —




Local direct solver on SMP compute node

Sparse direct solver based on nested bisection
P-threads multi-threading management
Splitting of blocks in small sub-blocks

Dissection Pardiso o
# cores CPU time elapsed time CPU esapsed time £22
1 7484 72.824 85.04 82.941 —
2 74.81 38.162 87.79 43.627
1 77.32 20.454 92.66 23.141
6 79.96 15.200 104.38 17.391 :
8 83.56 12.008 118.25 14.786 e e § _
12 94.08 (x1.26) 9.873 (/7.38) 165.99 (x1.95) 13.993 (/5.93)

elstctl, N = 206, 763, nonsingular




Efficiency of multiple forward-backward sub

Actual performance limited by global memory access

Parallelization of forward-backward substitution for a single RHS gives very limited
performance (speed-up < 2)

With multiple RHS, higher arithmetic complexity with same memory access
requirement (better data locality)

1RHS @ lcore 12 RHS @ 12core efficiency

Dissection 0.6194 sec. 0.5135 sec 120.6%
Pardiso 0.7054 sec. 1.2642 sec 55.8%

With more than one subdomain per node, memory bandwidth available for each
MPI process is even lower

Performance of each single RHS forward-backward substitution is even poorer




One product by F per iteration
Single RHS local forward-backward substitution

For numerical stability, use modified Gram-Schmidt procedure for orthogonalization
dot product (BLAS1) + global reduction via MPI one by one

Inefficient for local multi-threading on multi-core node
Large communication overhead

Use simultaneous solution => block ORTHODIR
Keep good properties of restarted ORTHODIR




Block ORTHODIR algorithm

Block ORTHODIR initialization

9o = FAg —d*
v§ = g6

, k=1,np100k

Block ORTHODIR iteration

Ap == Ap—l + Vp—IPp—l
Gp == Gp—l + FVp—lpp—l
FVp—l)*Gp == 0 L= Dp—lpp—l - _(FVp—l)*Gp—l

A

( Ay = [/1(1)/1(2) ,..Agblock

1.2 nblock]

Go = [gogo 9o
VO — [v%vg ...vo

(Do = (FV)"(FVy) = LoLy

( p-1
V, = FV,_; + Z Vil
0

A

p—1
FV, = FFV,_1 + Z FV;Ty,
0

Fip ES —(FVi)*FFVp_l
| Dp = (F)'(FV) = Ly




Block Krylov space method implementatioh

Optimal solution for each RHS using all search directions computed for all RHS

Rank revealing LLt factorization of VPEAVP or (AVP)*(AVP) block for a set V? of
p candidate search directions, automatic detection of dependencies between
search directions, reduction of number of search directions

Same property as recycling in term of decrease of global number of directions
to be computed

p simultaneous forward-backward substitutions at each iteration, good parallel
efficiency on multi-core nodes

Simultaneous computation of dot products, BLAS3, good parallel efficiency on
multi-core nodes, global reduction for a block of scalars at once, reduced MPI
overhead

Block recycling strategies straight-forward
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Continued ORTHODIR
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Mortar method for non conforming interface

VIR

)
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RN
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SN e —e——@
@ @ ® O .
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O o
& & o o 79
® O ® o0 o O @ o
Ql ) .Q.z
Continuity constraint f (g —uH)u=0Vvuew
hX
Discretization B; x4 — By x = M{1R1xqy — M{3R,x, = 0
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Augmented subdomain Q7 contains mortar nodes plus nodes of ), interface

Mortar conditions are included in matrix of augmennted subdomain Qf

Interface between augmented subdomain QF subdomain Q, is conforming

== ~§\\\;

FETI methods



Matrix of augmented subdomain

O —0—@ |
I I
I I
' O—O—0O—0O :
I I
I Y % I .
| . . . . .<__?. S | Kll O R1M11
| //’ F\\ \A |
| lv// \\\ . : 0 0 —M21
I
@ @ @ O - ® N I M11R1 _M12 0
| N |
N
I I
I @ .
@ *—© @ o ® I
I I
I I
I I
1 @ *—© - o o @

K,1(N{,N;) matrix of initial subdomain Q4

R,(ny,N;) restriction on interface of Q4

M,,(n,,n;) mass matrix of interface do Q,

M,,(nq,n,) , My;(ny,,ny)  coupled mass matrices on interfaces of
Q.and Q,, M,; = M%,
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Implementation

Local problem in augmented subdomain Qf

Kq1 0 RIM;y\ (%1 b4
O 0 —M21 <x2> - bz
Mi1Ry  —My; 0 A 0
dimension of x; = N; , dimension of x, = n, , dimension of A = n,

Local problem in Qf can be ill posed, due to unknowns x, , especially if n, > n, ,
but with FETI-2LM and Robin boundary conditions, local matrix is augmented as :

Kll 0 RfMll
0 SZZ _M21
M11R1 _M12 0

Well posed problem with consistant behavior on interface with Q,
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Similar idea for contact or Discontinuous Gal

« Interface elements »

!

Localize all interface
elements in one subdomain

!
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